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TBG — Setting
 Andrei, E.Y., MacDonald, A.H. Nat Mater 19, 1265 (2020)

L ≈ a0 /(2 sin(θ/2)) kθ ≈ 2K sin(θ/2) ΔE = ℏvFkθ

interlayer tunnelling produces avoided crossings

θ > 10∘ ΔE > 1 eV isolated graphene

θ ∼ 1∘ layers hybridization  
strong tunnelings couple Dirac cones


flat bands and strong correlation 

 Lu, Stepanov, …, MacDonald, Efetov, Nature 574, 653 (2019)

 Stepanov, …, Bernevig, Efetov, PRL 127, 197701 (2021)

ℏvF /a0 = 2377.45 meV



G = n1G1 + n2G2

Form factors from Bloch WF

Gate-screened Coulomb potential

 Stepanov … Efetov, PRL 127, 197701 (2021)
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H = H0 + Hint

η = ± valley
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Pauli for sublattices

LM ≈ a /(2 sin(θ/2)) ∼ 10 nm
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 Fermionic Monte Carlo Study of a Realistic Model of Twisted Bilayer Graphene,  
Johannes S. Hofmann, et al., PRX 12, 011061 (2022)



Momentum-Space Quantum Monte Carlo

 Cheng Huang et al., Nat. Comm. 16, 7176 (2025)
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Momentum-Space Quantum Monte Carlo

 Cheng Huang et al., Nat. Comm. 16, 7176 (2025)

<latexit sha1_base64="Fhxo637BONDrTnaraMB1DtkzqLE=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgQktSRd0IRTcuK9gHtCFMppN26GQSZyZCCPFX3LhQxK0f4s6/cdJmoa0HBg7n3Ms9c7yIUaks69soLS2vrK6V1ysbm1vbO+buXkeGscCkjUMWip6HJGGUk7aiipFeJAgKPEa63uQm97uPREga8nuVRMQJ0IhTn2KktOSaVeamgwCpseenD9mxyq5OGq5Zs+rWFHCR2AWpgQIt1/waDEMcB4QrzJCUfduKlJMioShmJKsMYkkihCdoRPqachQQ6aTT8Bk81MoQ+qHQjys4VX9vpCiQMgk8PZnnlPNeLv7n9WPlXzop5VGsCMezQ37MoAph3gQcUkGwYokmCAuqs0I8RgJhpfuq6BLs+S8vkk6jbp/XT+/Oas3roo4y2AcH4AjY4AI0wS1ogTbAIAHP4BW8GU/Gi/FufMxGS0axUwV/YHz+AHjhlKc=</latexit>

lq,t = �2
<latexit sha1_base64="+6LEF7aAlzjSDTrk2kPU/3hyIA4=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBhZRERd0IRTcuK9gHtCFMppN26OThzEQsIb/ixoUibv0Rd/6NkzYLbT0wcDjnXu6Z48WcSWVZ30ZpaXllda28XtnY3NreMXerbRklgtAWiXgkuh6WlLOQthRTnHZjQXHgcdrxxje533mkQrIovFeTmDoBHobMZwQrLblmlbtpP8Bq5PnpQ3assivbNWtW3ZoCLRK7IDUo0HTNr/4gIklAQ0U4lrJnW7FyUiwUI5xmlX4iaYzJGA9pT9MQB1Q66TR7hg61MkB+JPQLFZqqvzdSHEg5CTw9mceU814u/uf1EuVfOikL40TRkMwO+QlHKkJ5EWjABCWKTzTBRDCdFZERFpgoXVdFl2DPf3mRtE/q9nn99O6s1rgu6ijDPhzAEdhwAQ24hSa0gMATPMMrvBmZ8WK8Gx+z0ZJR7OzBHxifPwcAlG8=</latexit>

lq,t = 1
<latexit sha1_base64="4aVihJMVmMkJpoQAq7bd2zZ8wpA=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEF1qSKupGKLpxWcE+oA1lMp20QycPZyZCDcFfceNCEbf+hzv/xkmbhVYPDBzOuZd75rgRZ1JZ1pdRmJtfWFwqLpdWVtfWN8zNraYMY0Fog4Q8FG0XS8pZQBuKKU7bkaDYdzltuaOrzG/dUyFZGNyqcUQdHw8C5jGClZZ65g7vJV0fq6HrJXfpoTqy04tqzyxbFWsC9JfYOSlDjnrP/Oz2QxL7NFCEYyk7thUpJ8FCMcJpWurGkkaYjPCAdjQNsE+lk0zSp2hfK33khUK/QKGJ+nMjwb6UY9/Vk1lQOetl4n9eJ1beuZOwIIoVDcj0kBdzpEKUVYH6TFCi+FgTTATTWREZYoGJ0oWVdAn27Jf/kma1Yp9Wjm9OyrXLvI4i7MIeHIANZ1CDa6hDAwg8wBO8wKvxaDwbb8b7dLRg5Dvb8AvGxzfuyZTi</latexit>

lq,t�1 = 2

<latexit sha1_base64="mhvBR9862tq6Zgxtvmd+ylZMP6E=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnV1nZk3Ihi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3n1BpHsl7M47RD+lA8j5n1Fip9tgtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8Ad45jP0=</latexit>q
<latexit sha1_base64="mhvBR9862tq6Zgxtvmd+ylZMP6E=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnV1nZk3Ihi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3n1BpHsl7M47RD+lA8j5n1Fip9tgtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8Ad45jP0=</latexit>q <latexit sha1_base64="mhvBR9862tq6Zgxtvmd+ylZMP6E=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnV1nZk3Ihi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3n1BpHsl7M47RD+lA8j5n1Fip9tgtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8Ad45jP0=</latexit>q

<latexit sha1_base64="mhvBR9862tq6Zgxtvmd+ylZMP6E=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnV1nZk3Ihi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3n1BpHsl7M47RD+lA8j5n1Fip9tgtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8Ad45jP0=</latexit>q <latexit sha1_base64="mhvBR9862tq6Zgxtvmd+ylZMP6E=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnV1nZk3Ihi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3n1BpHsl7M47RD+lA8j5n1Fip9tgtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8Ad45jP0=</latexit>q
<latexit sha1_base64="mhvBR9862tq6Zgxtvmd+ylZMP6E=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnV1nZk3Ihi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3n1BpHsl7M47RD+lA8j5n1Fip9tgtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8Ad45jP0=</latexit>q

<latexit sha1_base64="XGATXk9RGBBCfnuGhWH2/YBMJbU=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCCymJirosunFZwT6gCWUynbRDJw9nboSSZuGvuHGhiFt/w51/46TNQlsPDBzOuZd75nix4Aos69tYWFxaXlktrZXXNza3ts2d3aaKEklZg0Yikm2PKCZ4yBrAQbB2LBkJPMFa3vAm91uPTCoehfcwipkbkH7IfU4JaKlr7jup6KZjJyAw8Pz0IRufQOZkXbNiVa0J8DyxC1JBBepd88vpRTQJWAhUEKU6thWDmxIJnAqWlZ1EsZjQIemzjqYhCZhy00n+DB9ppYf9SOoXAp6ovzdSEig1Cjw9medUs14u/ud1EvCv3JSHcQIspNNDfiIwRDgvA/e4ZBTESBNCJddZMR0QSSjoysq6BHv2y/OkeVq1L6pnd+eV2nVRRwkdoEN0jGx0iWroFtVRA1E0Rs/oFb0ZT8aL8W58TEcXjGJnD/2B8fkDHfqW0Q==</latexit>

{l|q|,t}
<latexit sha1_base64="XGATXk9RGBBCfnuGhWH2/YBMJbU=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCCymJirosunFZwT6gCWUynbRDJw9nboSSZuGvuHGhiFt/w51/46TNQlsPDBzOuZd75nix4Aos69tYWFxaXlktrZXXNza3ts2d3aaKEklZg0Yikm2PKCZ4yBrAQbB2LBkJPMFa3vAm91uPTCoehfcwipkbkH7IfU4JaKlr7jup6KZjJyAw8Pz0IRufQOZkXbNiVa0J8DyxC1JBBepd88vpRTQJWAhUEKU6thWDmxIJnAqWlZ1EsZjQIemzjqYhCZhy00n+DB9ppYf9SOoXAp6ovzdSEig1Cjw9medUs14u/ud1EvCv3JSHcQIspNNDfiIwRDgvA/e4ZBTESBNCJddZMR0QSSjoysq6BHv2y/OkeVq1L6pnd+eV2nVRRwkdoEN0jGx0iWroFtVRA1E0Rs/oFb0ZT8aL8W58TEcXjGJnD/2B8fkDHfqW0Q==</latexit>

{l|q|,t}
<latexit sha1_base64="XGATXk9RGBBCfnuGhWH2/YBMJbU=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCCymJirosunFZwT6gCWUynbRDJw9nboSSZuGvuHGhiFt/w51/46TNQlsPDBzOuZd75nix4Aos69tYWFxaXlktrZXXNza3ts2d3aaKEklZg0Yikm2PKCZ4yBrAQbB2LBkJPMFa3vAm91uPTCoehfcwipkbkH7IfU4JaKlr7jup6KZjJyAw8Pz0IRufQOZkXbNiVa0J8DyxC1JBBepd88vpRTQJWAhUEKU6thWDmxIJnAqWlZ1EsZjQIemzjqYhCZhy00n+DB9ppYf9SOoXAp6ovzdSEig1Cjw9medUs14u/ud1EvCv3JSHcQIspNNDfiIwRDgvA/e4ZBTESBNCJddZMR0QSSjoysq6BHv2y/OkeVq1L6pnd+eV2nVRRwkdoEN0jGx0iWroFtVRA1E0Rs/oFb0ZT8aL8W58TEcXjGJnD/2B8fkDHfqW0Q==</latexit>

{l|q|,t}

Update a single site and update the Green’s function, entire space-time update 
O(N3) O(βN4)

 CPL 38, 077305 (2021)

Z = Tr{∏
τ

e−Δτ Hint(τ)} = Tr{∏
τ

exp{−
Δτ
4Ω ∑

G,q∈mBZ

V(q + G) ⋅ [(δρ−q−G + δρq+G

AQ

)2 − (δρ−q−G − δρq+G

BQ

)2]}}

exp(−α1(Q)A2
Q) =

1
4 ∑

{lQ,τ,1}

γ(lQ,τ,1) exp(iη(lQ,τ,1) α1(Q) AQ)) + O(Δτ4) {lQ,τ,1, lQ,τ,2} α1(Q) =
ΔτV(Q)

4Ω

Δ circulant matrix

Z = Tr{∏
τ

e−Δτ Hint(τ)} = ∑
{{lQ,τ1

},{lQ,τ2
},⋯}

det[1 + Bτm
Bτm−1

⋯Bτ1
]



 PRB 105, L121110 (2022)

T = 0.667 meV

for valley polarized state

for intervalley coherent state

single-particle excitations

Bosonic collective excitations

 CPL 38, 077305 (2021)

𝒪a(q) = ∑
k

d †
k+qMadk



 PRL 130, 016401 (2023) momentum-space QMC

Single valley and single spin

κ =
∂n
∂μ

=
⟨N2⟩ − ⟨N⟩2

TN
measured via


quantum capacitance
measured via


STM

Tc = 3.65(5) meV



momentum-space QMC & exact diagonalization
S =

1
N2

⟨(N+ − N−)2⟩

C = ∑ F□ = 1

Tc = 3.65(5) meV

L = 6, T = 1.25 meV

L = 5

 PRL 130, 016401 (2023) 

Gapped excitons restore time-reversal 
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�⇢q+G,�⌧ =
X

k,m,n

�m,n,�⌧ (k,k+ q+G)(c†k,m,�⌧ ck+q,n,�⌧ � 1

2
�q,0�m,n)
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Tr{
Y

t

B({l|q|,t})} =
X

{l|q|,t}

D⌧ ({l|q|,t})D�⌧ ({l|q|,t}) =
X

{l|q|,t}

D⌧ ({l|q|,t})D⇤
⌧ ({l|q|,t}) No sign-problem

 Fermionic Monte Carlo Study of a Realistic Model of Twisted Bilayer Graphene,  
Johannes S. Hofmann, et al., PRX 12, 011061 (2022)

decoupled Hamiltonian is traceless anti-Hermitian matrix 

= ∑
k,m,n

− λm,n,τ(k, k + q + G)(c̃†
k+q,n,−τck,m,−τ −

1
2

δq,0δm,n)

= ∑
k,m,n

− λ*n,m,τ(k, k − q − G)(c̃†
k,n,−τck−q,m,−τ −

1
2

δq,0δm,n)

 CPL 38, 077305 (2021)



 Xu Zhang et al., Fermion sign bounds theory in quantum Monte Carlo simulation, PRB 106, 035121 (2022）

 Xu Zhang et al., Polynomial sign problem and topological Mott insulator in twisted bilayer graphene, PRB 107, L241105 (2023)

Xu Zhang

⟨sign⟩ ≥
⟨W⟩

⟨ |W |⟩
=

ZW

Z|W|
=

gW

g|W|
e−β(⟨E⟩W−⟨E⟩|W|)

⟨sign⟩ ≥
⟨W⟩

⟨ |W |2 ⟩
=

ZW

Z|W|2

=
gW

g|W|2
e−β(⟨E⟩W−⟨E⟩|W|2/2)

⟨sign⟩ =
∑l Wl

∑l |Re(Wl) |
=

⟨W⟩
⟨ |Re(W ) |⟩ ⟨ |Re(W ) |⟩ ≤ ⟨ |W |⟩ ≤ ⟨ |W |2 ⟩

Correlated flat-bands have sign bound 

Detective Dr. Dragon on the Monte Carlo Sign Problem

⟨sign⟩ ∼ e−βN



 Phys. Rev. B 107, L241105 (2023)

⟨sign⟩ ≥
gν=1

gν=0
=

(N + 3)2(N + 2)3(N + 1)2

(3!)2

(N + 3)2(N + 2)4(N + 1)2

(3!)2(2!)2

∼
N7

N8
= N−1

gν=1 = 2gC+=3,C−=0 + 2gC+=2,C−=1 =
(N + 3)(N + 2)(N + 1)

3
+

(N + 3)2(N + 2)3(N + 1)2

(3!)2

gν=0 = 2gC+=4,C−=0 + 2gC+=3,C−=1 + gC+=2,C−=2 = 2 +
(N + 3)2(N + 2)2(N + 1)2

(3!)2
+
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Continuous Field Momentum-Space QMC

<latexit sha1_base64="mhvBR9862tq6Zgxtvmd+ylZMP6E=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnV1nZk3Ihi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3n1BpHsl7M47RD+lA8j5n1Fip9tgtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8Ad45jP0=</latexit>q
<latexit sha1_base64="mhvBR9862tq6Zgxtvmd+ylZMP6E=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnV1nZk3Ihi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3n1BpHsl7M47RD+lA8j5n1Fip9tgtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8Ad45jP0=</latexit>q <latexit sha1_base64="mhvBR9862tq6Zgxtvmd+ylZMP6E=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnV1nZk3Ihi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3n1BpHsl7M47RD+lA8j5n1Fip9tgtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8Ad45jP0=</latexit>q

<latexit sha1_base64="mhvBR9862tq6Zgxtvmd+ylZMP6E=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnV1nZk3Ihi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3n1BpHsl7M47RD+lA8j5n1Fip9tgtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8Ad45jP0=</latexit>q <latexit sha1_base64="mhvBR9862tq6Zgxtvmd+ylZMP6E=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnV1nZk3Ihi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3n1BpHsl7M47RD+lA8j5n1Fip9tgtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8Ad45jP0=</latexit>q
<latexit sha1_base64="mhvBR9862tq6Zgxtvmd+ylZMP6E=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnV1nZk3Ihi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3n1BpHsl7M47RD+lA8j5n1Fip9tgtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8Ad45jP0=</latexit>q

= ∫ ∏
τ,Q,γ
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τ,Q,γ

(p2
τ,Q,γ + ϕ2

τ,Q,γ) − ln(det(M )

ℋ

))
M =

1 0 0 ⋯ 0 BNτ

−B1 1 0 ⋯ 0 0
0 −B2 1 ⋯ 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 ⋯ 1 0
0 0 0 ⋯ −BNτ−1 1

dpτ,Q,γ

dt
= −

∂ℋ
∂ϕτ,Q,γ

= − ϕτ,Q,γ + Tr(M−1 ∂M
∂ϕτ,Q,γ

)

dϕτ,Q,γ

dt
=

∂ℋ
∂pτ,Q,γ

= pτ,Q,γ

{ϕτ,Q,γ, pτ,Q,γ} {ϕτ,Q,γ, pτ,Q,γ} {ϕτ,Q,γ, pτ,Q,γ}

Update the entire time slice and update the Green’s function 
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5
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ui[ψ†(Ω)Γiψ(Ω)]2}
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ψ(Ω) =
s

∑
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θ
2
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θ
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Projected to the LLL with degeneracy Nϕ = 2s + 1
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Toric regularisation 
lB =

ϕ0

2πB
= 1 Nϕ = BLxLy /ϕ0

q = (qx
2π
Nϕ

, qy
2π
Nϕ

)

Spherical regularisation 

Nϕ = 2s + 1

(l, m)

Nq ∝ Nϕ

l ∈ (0,1,2,⋯,2s) m ∈ (−l, − l + 1,⋯, l − 1,l) Nq ∝ (Nϕ + 1)2

k = 1,2,⋯, Nϕ

mk = k − 1 − s

momentum

angular momentum
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dpτ,Q,γ

dt
= −

∂ℋ
∂ϕτ,Q,γ

= − ϕτ,Q,γ + Tr(M−1 ∂M
∂ϕτ,Q,γ

)

dϕτ,Q,γ

dt
=

∂ℋ
∂pτ,Q,γ

= pτ,Q,γ

{

Update the entire time slice               and update the Green’s function O(N2) O(N3)

Fierz identity 
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NΔv
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