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Exact Diagonalization of the Spin-1 Heisenberg Chain

We have solved the spin-1/2 Heisenberg chain in the class. Now, consider the spin-1
Heisenberg chain with periodic boundary conditions (S⃗N = S⃗0):
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1. Choose the Sz basis:

|Sz
0, Sz

1, . . . , Sz
N−1⟩,

where Sz
i = 0,±1. Construct the spin-1 chain Hamiltonian matrix and obtain its

eigen-energies.

2. Consider magnetization conservation:

mz = ∑
i

Sz
i , [mz, H] = 0

Sort the basis states according to their magnetization eigenvalue mz, construct
the corresponding block-diagonal Hamiltonian matrix, and find the eigenvalues
of each block.

3. Next, take into account the translational symmetry of the system:

[T, H] = 0,

where
T|Sz

0, Sz
1, . . . , Sz

N−1⟩ = |Sz
N−1, Sz

0, . . . , Sz
N−2⟩

Further decompose each mz block into smaller blocks corresponding to different
momentum, and compute the eigenvalues of the smaller blocks. Plot the eigen-
values versus momentum for mz = 0,±1 blocks in three separate figures

4. Use the Lanczos algorithm to calculate the smaller blocks derived in problem 3,
try to find the ground state and first excited state energies of the spin-1 Heisen-
berg chain for different system sizes N. Also determine the quantum number
mz and k for both ground state and first excited state. Plot the energy gap ver-
sus 1/N, and perform an extrapolation to verify that in the thermodynamic limit
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(N → ∞), the spin-1 Heisenberg chain is gapped. The example plot is shown
below as the orange line.


