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. Density of States(DOS) of square lattice derivation

We learn from the class that the 2D dispersion relation of a square lattice tight-
binding model is

e(k) = —2t(cos(ky) + cos(kz))

In the book Lecture Notes on Electron Correlation and Magnetism by Patrik Fazekas,
page 165, the DOS of the square lattice tight binding band is in a closed form:

(€)= L out—lehk (1- -5
PR = oy 1612

where K is the complete elliptic integral of the first kind. We can observe two
features: the step-like discontinuities at the band edges, and the logarithmic sin-
gularity in the center. The latter can be obtained from the small-e expansion:

1 t

(@) Try to derive the DOS of square lattice tight-binding model.

Solution: 1
Consider the definition of DOS:

p(e) = Zi]Z(S(e—ek) = (217r)2 /7T dkq /ﬂ dky 5 (e + 2t cos (k1) + 2t cos(ky))
k 7T J =TT

make the substitution:

D(—k1+k2 IB_kl—kz
27 2

After the substitution, the integration range becomes{w, ||a| + [B] <
7t}. But we can extend the regiontoa € (—7, 1), B € (—7, 77), then
DOS becomes

p(e) = (2711)2 /_7; /_idocdﬁ d(e + 4t cos(w) cos(B))

First integrate the B part. Use the identity
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Y — No5(x — xp)
O[f (x)] —k_Zl—V,(xk)‘

where x; are the roots of f(x). We have

p( / du
Q21
87T ! L cos?(a) — &

| cos(a)

If we want the integration to be non-zero, we obtain this condition:
le| < 4t

The integration becomes

ple) = ~el) [ 7

cos?(w 16t2

where cos(ay) = %. Make the substitution:
sin(0) = ﬂ
1= (5)?

we finally have:
de
ple) = 5O (4t — e]) /
2 \/1 (1—(£)2)sin?(0)
_ 1 2
— @t~ K1 - (5)?)

Solution: 2
Consider the one-body Green function:

z“‘

Z — €k

G(r,5;2) = (G@E)r) = Y (21;7) /n/ﬂ dkydky

K Z — €k mT Z — €k
where z = € + i Using the condition:

) 1
lim = (
n—0Z — €k € — €k

) —imd(e — €)
one can obtain

1 _
ple) =~ — lim Im(G(x,5:2))
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Now calculate G(r,r;z). Make the substitution & = kl;kz,ﬁ =
klgkz, we have
G(r,1;2) / / dudp
(27)2 e z + 4t cos(a) cos(B)
Using the identity

/ dax = 2 arctan a—_btanf +C (la] > |b])
a+bcosx /g2 _ 12 a+b 2

for |z| > 4t, we have

dodp
Gl niz) = (2m)? / /;T Z+4tcoso¢cos,3

N _/ V11— (4t/z)2cosz(x

— iNK(16t2/zz)

G(r,1;z) and 2 K(16t%/2%) are analytical, according to the identical
theorem in complex analysis, G(r,1;z) = 2K(16t?/2%). For z =
e+in (7 —0,|e| < 4t), Using analytic continuation of K(m):

Kom) = —— [k (1) —ik (1= L) (m>1)
<)% (-5

We have
N z? . z?
Gler2) = 5 (K(zem) (1 1)
Finally,
(€)= — L limIm(Gre2) = — - ot — ek (1- -
P& = 72N 150 B2 oy 1612
(b) Try to obtain the logarithmic asymptotic behavior of the DOS at e — 0.
Solution:
Whenm — 1 . 16
K(m) ~ =1
(m)~ 30—
So

1 t
p(e)wmlnﬂ (6%0)
2. The gap equation
We learn from the class that the gap equation for square lattice Hubbard model

is

at
1_u/
vV 62 —|— A2
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(a) try to derive the relation in Jorge E.Hirsch’s paper([Hirsch, Phys. Rev. B 31,
4403 (1985)]):

A~te ™V (d =2).

Solution:

When € — 0, p(€) is logarithmically divergent, the dominant con-
tribution comes from the low-energy region. Thus, we directly ap-
proximate p(€) by ﬁ In L. Then the gap equation becomes:

4t
1~U de ! !

t
In—.
0 Vez 4+ A2 272t n€

Making the substitution € = A sinh 1, The integration becomes

1= L/m dutn——+ =Y ¢ 1ni—/”m duIn(sinh (1))
272t Jo Asinh(u) 272t " A Jo
where u,, satisfies
. 4t
sinh(u,) = X

We only consider the region where U — 0 and A — 0, we have

8t

The second term is

/um In(sinh 1) du = ﬁ —u 1112—|—1 Li (e_zum) R 1(

0 S22 2 7 12 20 A
where Liy(x) is the polylogarithmic function. So, the gap equation
becomes

(In g)2) ~ Y i omd)

I~ In31 A a2t A A

LI( 8tn£
272t A A

1
2
It turns out that

Arvte_zn\/g

This is a simple version of the derivation. For a more rigorous one,
you can find in the paper: https:/ /arxiv.org/abs/2501.18141.

(b) Try to perform the momentum-space mean-field simulation and verify such
result with your numerical data.

Solution: see the code in the class.
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