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Question

Ce-based heavy fermion metal, Nature 579, 51-55 (2020)

FM / AFM / Nematic fluctuations


Non-Fermi liquid, Superconductivity


Fermionic QCP

Nature 424, 524 (2003) PRL 117, 157002 (2016)

ρ ∝ T

C/T ∝ ln(
T*
T

)

Kagome metal  Ni3In
Nature Physics 20, 610 (2024)



Non-Fermi-Liquid  
Quantum critical metals  
Matter fields coupled to gauge fields 
Yukawa-SYK model

 PRX 7, 031058 (2017)

 PNAS 116 (34), 16760 (2019)

 npj Quantum Materials 5, 65 (2020)

 PRB 105, L041111 (2022) 

 Nat. Comm. 13, 2655 (2022)

 …… 

 PRX 9, 021022 (2019)

 PRB 101, 235118 (2020)

 CPL 37, 047103 (2020)

 PRB 103, 165131 (2021)

 ……

Fermions couple to critical boson / gauge modes

 PRR 3, 013250 (2021)

 PRB 103, 195108 (2021)



  PNAS 116 (34), 16760 (2019)

Rich analytic literature,  
sum particular series of diagrams


Obtain exact forms of fermionic  
and bosonic propagators in NFL 


Alternative numerical approaches QMC


Lattice models, large sizes and low T


Numerics and Analytics converge




Model

H = ∑
k,α

vk ⋅ (k − kF)c†
k,αck,α + ∑

q

χ−1
0 (q)Sq ⋅ S−q + g ∑

q,k,α,β

c†
k+q,ασα,βck,β ⋅ S−q

Revealing fermionic quantum criticality from new Monte Carlo techniques 
Xiao Yan Xu, Zi Hong Liu, Gaopei Pan, Yang Qi, Kai Sun, ZYM 

J. Phys.: Condens. Matter 31 463001 (2019)  

A sport and a pastime: model design and computation in quantum many-body systems 


Gaopei Pan, Weilun Jiang, ZYM

Chinese Phys. B 31, 127101 (2022) Topical Review

https://iopscience.iop.org/article/10.1088/1361-648X/ab3295
https://iopscience.iop.org/article/10.1088/1674-1056/aca083


Determinant quantum Monte Carlo

Write Path-integral into determinant
<latexit sha1_base64="F+f0FwsOdD/vxpqJ2umxIUsORdY="></latexit>

Z = Tr[
mY

l=1

e��⌧Ĥte��⌧ĤU ]
<latexit sha1_base64="1vzqddvn7Eqbu/ZcGC709jXdiBc="></latexit>

= Cm
X

~s1,~s2,··· ,~sm

det[1+BmBm�1 · · ·B1]

<latexit sha1_base64="E6RgfzHvOBrBjoaOly2bIAO2+eM="></latexit>

Bl = e��⌧Hte��⌧HU(~s(l))

<latexit sha1_base64="rPKlXPA1iTPuQ6GOn8DwmW0tzic=">AAACGXicbVDNSsNAGNzUv1r/oh69BIvQXkoioh6LXnqsYNpCE8pmu2mXbrLL7qZQQl7Di6/ixYMiHvXk27hpA2rrwMIw8318OxNwSqSy7S+jtLa+sblV3q7s7O7tH5iHRx3JEoGwixhlohdAiSmJsauIorjHBYZRQHE3mNzmfneKhSQsvlczjv0IjmISEgSVlgam7UVQjYMwbQ3crOZNMUplVqP1uscF44pZHqR8DH+MgVm1G/Yc1ipxClIFBdoD88MbMpREOFaIQin7js2Vn0KhCKI4q3iJxByiCRzhvqYxjLD003myzDrTytAKmdAvVtZc/b2RwkjKWRToyTyHXPZy8T+vn6jw2k9JzBOFY7Q4FCbU0onzmqwhERgpOtMEIkH0Xy00hgIipcus6BKc5cirpHPecC4b9t1FtXlT1FEGJ+AU1IADrkATtEAbuACBB/AEXsCr8Wg8G2/G+2K0ZBQ7x+APjM9vmQKgqQ==</latexit>

HU(~s(l)) / ↵~s(l)
Monte Carlo sampling in configuration space

 Sign Problem in quantum Monte Carlo simulation, Gaopei Pan & ZYM 
Encyclopedia of Condensed Matter Physics (Second Edition) (2024)

https://doi.org/https://doi.org/10.1016/B978-0-323-90800-9.00095-0


Fermions couple to critical boson / gauge modes

 PNAS 116 (34), 16760 (2019)

 PRX 9, 021022 (2019)

Itinerant quantum critical point


Non-Fermi-liquid


Pseudogap and superconductivity


Z2 gauge field, orthogonal metal, Fermi arc


U1 gauge field, Dirac / algebraic spin liquid 

Yukawa-SYK model 

 Nat. Comm. in press (2022)

 PRB 103, 165131 (2021)



 PRX 7, 031058 (2017)

<latexit sha1_base64="y8co6H2NEvIey8Rfd+RvzhfNqOU="></latexit>

SU(2)⇥ SU(2)| {z }
orbital rotation for " and #

<latexit sha1_base64="epW82tnkJaGi2bYNa2k4AF4KJM8="></latexit>

U(1)⇥ U(1)| {z }
charge conservation for " and #

<latexit sha1_base64="GfBX6u316hqVowq5tCs84zKtlqk="></latexit>

Z2|{z}
interchange " and # while flipping sz



Non-Fermi-liquid

<latexit sha1_base64="ASGrqc3FirSgKHBQX2K/vR0/2pw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU01E1GPRi8eK/YI2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo9cHA470ZZuYFiRQGXffLKaysrq1vFDdLW9s7u3vl/YOWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O/Pbj1wbEasGThLuR3SoRCgYRSs9NM6wX664VXcO8pd4OalAjnq//NkbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mpU3JilQEJY21LIZmrPycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZ/U0GQnOGcmIJZVrYWwkbUU0Z2nRKNgRv+eW/pHVe9S6r7v1FpXaTx1GEIziGU/DgCmpwB3VoAoMhPMELvDrSeXbenPdFa8HJZw7hF5yPb/MLjZQ=</latexit>

T/t

 PRX 7, 031058 (2017)



 npj Quantum Materials 5, 65 (2020)

⌃(!n) = ⌃T (!n) + ⌃Q(!n)
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⌃T (!n) ⇡ ↵(T )/!n
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⌃Q(!n) ! !2/3
n
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⌃(!n) ⌧ !n
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g ≪ bandwidth/EF



 npj Quantum Materials 5, 65 (2020)

⌃(!n) = ⌃T (!n) + ⌃Q(!n)
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F !2/3

n + · · ·
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!n⌃(!n) = ↵(T ) + !1/3
F !5/3

n + · · ·
<latexit sha1_base64="QebXzLmY1BwwC6ThOK2rScMzK8M="></latexit>

!F =
ḡ2

8⇡233/2VF v2FNf
<latexit sha1_base64="w2B9pgHu5KETS82VH38E9PFU3o0="></latexit>
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⌃(!n) = ⌃T (!n) + ⌃Q(!n)
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⌃T (!n) ⇠ ↵(T )/!n

<latexit sha1_base64="xEjWFhiZve3kRioKBiKLl08Iu9M="></latexit>

⌃Q(!n) ⇠ (!n)
1/2f(!n/!c) + · · ·

 PRB 105, L041111 (2022)

K = 1

H = Hf + Hqr + Hqr−f



 Nat. Comm. 13, 2655 (2022)

• Pseudogap filling, 
not BCS 

• DOS progressively 
depleted upon 

lowering T

<latexit sha1_base64="3SMu7YmoGcaXmFK76Cuc/SWjIX0=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU92toh6LXjxW6Be0S8mm2TY0ya5JtlCW/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMviDnTxnW/ndza+sbmVn67sLO7t39QPDxq6ihRhDZIxCPVDrCmnEnaMMxw2o4VxSLgtBWM7md+a0yVZpGsm0lMfYEHkoWMYGMlv94jqKuZQN5Fxe0VS27ZnQOtEi8jJchQ6xW/uv2IJIJKQzjWuuO5sfFTrAwjnE4L3UTTGJMRHtCOpRILqv10fvQUnVmlj8JI2ZIGzdXfEykWWk9EYDsFNkO97M3E/7xOYsJbP2UyTgyVZLEoTDgyEZolgPpMUWL4xBJMFLO3IjLEChNjcyrYELzll1dJs1L2rsuXj1el6l0WRx5O4BTOwYMbqMID1KABBJ7gGV7hzRk7L86787FozTnZzDH8gfP5A7JIkME=</latexit>

Tc ⇠ 1/20

K = 4



 PNAS 116, 16760 (2019)
nFL and critical scaling χ(T, h, q, ωn) =

1
ctTat(cq |q |2 + cωω)1−η + c′￼ωω2 η ∼

1
8



FM / AFM quantum critical scaling with QMC

 PNAS 116, 16760 (2019)

 PRX 7, 031058 (2017)

 npj Quantum Materials 5, 65 (2020)

 PRB 98, 045116 (2018)



M quantum dots

N fermion flavors

ϕα,β N2 matrix bosons

random coupling
⟨ti,α; j,β⟩ = 0

⟨ti,α; j,β tk,γ;l,δ⟩ = (δi,kδα,γδj,lδβ,δ + δi,lδα,δδj,kδβ,γ) ω3
0

ω0

m0
< 1 weakly coupled regime

ω0

m0
> 1 strongly coupled regime

det[1 + B↑(β,0)] det[1 + B↓(β,0)] = | det[1 + B↑(β,0)] |2

ω0 = 1 as the unit

Time reversal symm.

ϕα,β = − ϕβ,α hermiticity 

{ ⃗Φ} : N × N × Lτ ∼ 20 realisations  



N → ∞, M → ∞, T = 0

m0 ∼ ω0; ω, Ω ≪ ω0

Σ(ω) = − Gf (ω)−1 = icsgn(ω) |ω |x ω1−x
0

Π(Ω) = Gb(Ω)−1 = − m0 + c−2α(x) |Ω |1−2x ω1+2x
0

0 < x < 1/2

4M
N

=
1/x − 2

1 + sec(πx)
α(x) = −

Γ2(−x)
4πΓ(−2x)

M = N, x ≈ 0.098 4M = N, x ≈ 0.231

m2
0 − Π(Ω = 0) = 0 boson is always critical


renormalise mass to zero 

Σ(τ, τ′￼) ∝ |τ − τ′￼|−(1+x)sgn(τ − τ′￼)

Π(τ, τ′￼) ∝ |τ − τ′￼|−(2−2x)

Gb(τ, τ′￼) ∝ |τ − τ′￼|−2x

Gf (τ, τ′￼) ∝ |τ − τ′￼|x−1sgn(τ − τ′￼)

ωF =
ω3

0

m2
0

Gf (τ,0) ∝ (
π

β sin( πτ
β )

)1−x

Gb(τ,0) ∝ (
π

β sin( πτ
β )

)2x

T =
1
β

≪ ωF

low temperature and long time limit

reparametrization symm. transformation τ → f (τ) = tan(
πτ
β

)



Gf (τ,0) ∝ (
π

β sin( πτ
β )

)1−x

Gb(τ,0) ∝ (
π

β sin( πτ
β )

)2x

N = 4M → ∞
ω0 = 1, m0 = 2

x ≈ 0.23 N = 4M

ω0 = 1, m0 = 2, β = 16

M = 2,3,4
ωm, Ωn ∈ (−

π
Δτ

,
π

Δτ
)

compact



M = 4,N = 16

ω0 = m0 = 1

replica-off-diagonal fluctuations 
G_b static

enhanced pairing fluctuations

self-tuned quantum criticality

β = 16
Δ ∼ ∑

i,α

⟨c†
i,α,↑c†

i,α,↓⟩

ωF

ω0
∼ (

ω0

m0
)2 Tc ≤ ωF

Instability fo the NFL



M quantum dots

fermion flavors

ϕα,β N2 matrix bosons

random coupling of lower rank
⟨ti, j⟩ = 0

⟨ti, j tk,l⟩ = (δi,kδj,l + δi,lδj,k) ω3
0

ω0 = 1 as the unitϕα,β = − ϕβ,α hermiticity 

Edwards-Anderson order parameter of the spin-glass phase 

M = N, m0 = ω0 = 1,β = 16

Replica-off-diagonal process that not 
suppressed by 1/MN;


Two fermion loops carry different replicon 
indices 



ω0 = 1, m0 = 2
M = 4,N = 16,β = 32

M = N = 12



Ps ∼ Nγ/ν f(N1/ν(T − Tsc)) γ = 1, ν = 2

mean-field exponents

N = 4M, ω0 = 1,m0 = 2
μ = 0 μ = 0.05 μ = 0.125 μ = 0.2 μ = 0.25

μ = 0.35
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Am. Math. Mon. 73, 1 (1966)

Nucl. Phys. B 300, 377 (1988)

Conformal anomaly number (central charge)

Euler characteristic 

F = fb |A | + fsL −
1
6

cχ ln L + O(1)

Length of circumference 

Number of holes

Volume

χ = 1

torus / cylinder / annuls 

χ = 2
χ = 2 − 2g = 0

Eigenvalues of Dirichlet problem for Laplacian

Platonic solids: homeomorphic to sphere

χ = V − E + F = 2

Klein bottle / moebius

χ = 0

Mark Kac, Polish American 
mathematician  1914 - 1984

sphere / polyhedron

Projective plane / disc



SA(l) = al − s ln(
l
ϵ

) − γ + O(1/l)

d=1 CFT Heisenberg chain, Luttinger liquid DMRG

d=2 QCP Wilson-Fisher O(N), GNY QMC

SSB Antiferromagnet, Superfluid QMC

Topological order Z2 top ord, Kitaev QSL Toy model,          QMC

Fermi surface free fermion,  interaction ?      

S ∼ c ln(l)

S ∼ al − sC ln(l) − γ

S ∼ al − (sG + sC)ln(l) − γ

S ∼ al − γtop

S ∼ l ln(l) + al − ⋯

Corner, logSmooth boundary, no log

S = 2fs L −
1
6

c (χA + χB − χA∪B) ln(L) + O(1)

 Phys. Rev. Lett. 97, 050404 (2006)

central charge

Geometric properties of the partition

S = FA + FB − FA∪B
Sln = 0 Sln = −

1
4

c ln(L) Sln = −
1
9

c ln(L)



J. Stat. Mech. (2004) P06002

ρ = |Ψ⟩⟨Ψ |

ρA = TrB ρ

SA = − TrA ρA ln(ρA)

S(n)
A =

1
1 − n

ln(TrA(ρ(n)
A ))

“ discuss entropy in terms of the Euclidean path integral 
on an n-sheeted Riemann surface. ”

“ Qiu Ku is the           ”Z(2)
A

“ Renyi EE is the difference in free energy 
between partition functions 


with different trace topologies ” (in equilibrium)

S(2)
A = − ln(TrA(ρ(2)

A )) = − ln(
Z(2)

A

Z2
∅

) = β(F(Z(2)
A ) − F(Z(2)

∅ ))

 Hastings, González, Kallin, Melko, PRL 104, 157201 (2010).

 Isakov, Hastings, Melko, Nat. Phys. 7, 772 (2011).

 Humeniuk, Roscilde, PRB 86, 235116 (2012).

 Kallin, Stoudenmire, Fendley, Singh, Melko, J. Stat. Mech. 
(2014) P06009

 Helmes and Wessel, PRB 89, 245120 (2014).

 Kulchytskyy, Herdman, Inglis, Melko, PRB 92, 115146 (2015).

 ……  

 Grover, PRL 111, 130402 (2013).

 Assaad, Lang, Toldin, PRB 89, 125121 (2014).

 Broecker, Trebst, PRB 94, 075144 (2016).

 ……  



Entanglement entropy with incremental (Qiu Ku) method 

e−S(2)
A =

Z(1)
Z(0)

:=
Z(λ1)
Z(0)

Z(λ2)
Z(λ1)

⋯
Z(λk)

Z(λk−1)
⋯

Z(1)
Z(λNλ−1)

S(2)
A = − ln(TrA(ρ2

A)) = − ln(
Z(2)

A

Z(2)
∅

) = β(F(Z(2)
A ) − F(Z(2)

∅ ))
 V. Alba, PRE 95, 062132 (2017)

 J. D’Emidio, PRL 124, 110602 (2020) 

 J. Zhao, …, M. Cheng, ZYM, PRL 128, 010601 (2022)

 J. Zhao, …, M. Cheng, ZYM, npj Quantum Materials 7, 69 (2022)

 G. Pan, Y. D. Liao, J. D’Emidio, ZYM, PRB 108, L081123 (2023) 

 J. D’Emidio, et al., PRL 132, 076502 (2024) 

 Y.D. Liao, G.Pan, W. Jiang, Y. Qi, ZYM, arXiv:2302.11742

−ln= = − ∫
1

0
dλ

∂ ln Z(λ)
∂λ

= − ∑
k=1,2,⋯,Nλ

∫
kΔ

(k−1)Δ
dλ

∂ ln Z(λk)
∂λ

−ln( ⟨e−βW (2)
A ⟩ ) − ∑

k=1,2,⋯,Nλ

ln( ⟨e−βW (2)
k, A⟩ )

Z(λ = 0) = Z(2)
∅ Z(λ = 1) = Z(2)

A



Z(n)
A = Tr[ρn

A] = Tr[e−nHA]

n = 1,2,3,4,⋯ = βA

Gk(τA) = ⟨Sz
−k(τA)Sz

k(0)⟩

L = 100,J′￼= 1.732,J = 1,β = 100,βA = 200

L = 100,J′￼= 1.732,J = − 1,β = 100,βA = 800

S(ωHA
(k))



L = 50,β = 100,βA = 32

J′￼= 1.732,J = 1

J′￼= 2.522,J = 1
Gk=π(τ)

L = 100,J′￼= 1.732,J = 1,β = 100,βA = 100



S(2)
A = − ln(TrA(ρ(2)

A )) = − ln(
Z(λ = 1)
Z(λ = 0)

) = −ln(
∑s1,s2

Ps1
Ps2

Tr(ρA,s1
ρA,s2

)

∑s1,s2
Ps1

Ps2

)

= − ∫
1

0
dλ

∂ ln(Z(λ))
∂λ

= − ∫
1

0
dλ

∑s1,s2
Ps1

Ps2
(Tr(ρA,s1

ρA,s2
))λ ln(Tr(ρA,s1

ρA,s2
))

∑s1,s2
Ps1

Ps2
(Tr(ρA,s1

ρA,s2
))λ

Z(λ) = ∑
s1,s2

Ps1
Ps2

(Tr(ρA,s1
ρA,s2

))λ

daλ

dλ
=

deλ ln(a)

dλ
= aλ ln(a)

= − ⟨ln(Tr(ρA,s1
ρA,s2

))⟩s1,s2,λ

npj Quantum Inf 11, 64 (2025) 

Convert  
exponential complexity 

to 

polynomial complexity 

Entanglement partition function 

CV [x] =
SD[x]
E[x]

= eσ2 − 1U/t = 10, L = 8

PRB 109, 205147  (2024)



CV =
σswap

μswap
= eσ2 − 1

S(n)
A = −

1
n − 1

ln(Tr(ρn
A)) = −

1
n − 1 ∫

1

o
dλ

∑ Pn
s Tr(ρn

A,s)λ ln(Tr(ρn
A,s))

∑ Pn
s Tr(ρn

A,s)λ
= −

1
n − 1

⟨ln(Tr(ρn
A,s))⟩s1,s2,⋯,sn,λ

F = −
1
β

ln(Z ) = −
1
β ∫

1

0
dλ

∑ Pλ
s ln(Ps)
∑ Pλ

s
= −

1
β

⟨ln(Ps)⟩s,λ

PRB 109, 165106  (2024)

AF Heisenberg 10x10

PRB 109, 205147  (2024)



Square lattice Heisenberg model

S(2)
A (l) = 0.092(1)l + 1.0(1)ln(l) − 1.63(3)

s = −
NG

2

Spontaneous symmetry breaking phases: smooth boundary 

H = J∑
⟨i, j⟩

Si ⋅ Sj

Metlitski & Grover, arXiv:1112.5166

 J. Zhao, B.-B Chen, Y.-C. Wang, Z. Yan, M. Cheng, ZYM, npj Quantum Materials 7, 69 (2022)

 M. Song, J. Zhao, ZYM, C. Xu, M. Cheng, SciPost Phys. 17, 010 (2024)

A A

l ∈ [40, 160]

S(2)
A (l)

l
= s

ln(1/l)
l

+
c
l

+ a

S(2)
A (l) = al − s ln(l) + cSmooth boundary

Subtracted EE

Ss(l) = SA(2l) − 2SA(l)

Ss(l) = s ln(l) − c

d2y
dx2

=
s
x

s < 0

concave



(2+1)d O(3) quantum critical points: smooth & corner

H = J∑
⟨i, j⟩

(Si,1 ⋅ Sj,1 + Si,2 ⋅ Si,2) + J⊥ ∑
i

Si,1 ⋅ Si,2

 A. Kallin, et. al, J. Stat. Mech. P06009 (2014)

 J. Helmes, S. Wessel, Phys. Rev. B 89, 245120 (2014)

Subtracted EE
Ss(l) = SA(2l) − 2SA(l)

Ss(l) = s ln(l) − c

Ss(l) = −
3b
2l

− c

sC = 0.07(2)

S(2)
A (l)

l
= a +

c
l

S(2)
A (l)

l
= a − s

ln l
l

+
c
l

+
b
l2

1
l

finite size correction

s > 0 convex

 J. Zhao, B.-B Chen, Y.-C. Wang, Z. Yan, M. Cheng, ZYM, npj Quantum Materials 7, 69 (2022)

 M. Song, J. Zhao, ZYM, C. Xu, M. Cheng, SciPost Phys. 17, 010 (2024)



Deconfined quantum critical points: Smooth boundary 

 M. Song, J. Zhao, ZYM, C. Xu, M. Cheng, SciPost Phys. 17, 010 (2024)

JQ3 model: H = − J∑
⟨i, j⟩

Pi, j − Q ∑
⟨ijklmn⟩

PijPklPmn

JQ2 model: H = − J∑
⟨i, j⟩

Pi, j − Q ∑
⟨ijkl⟩

PijPkl

S(2)
A (l)

l
= a − s

ln l
l

+
c
l

S(2)
A (l)

l
= a +

c
l

finite size correction+
b
l2

1
l

Subtracted EE

Ss(l) = SA(2l) − 2SA(l)

−s > 0 Not a CFT, behave like Goldstone mode.

s < 0 concave Ss(l) = s ln(l) − c

Ss(l) = −
3b
2l

− c



 Sci. Adv. 11, adr0634 (2025)

Kaul, Sandvik, PRL 108, 137201 (2012) 

Block, Melko, Kaul, PRL 111, 137202 (2013)
S(2)

A = al − s ln(l) + c

H = −
J1

N ∑
⟨ij⟩

Pij −
J2

N ∑
⟨⟨ij⟩⟩

Πij −
Q
N ∑

⟨ij⟩,⟨kl⟩

PijPkl

Pij SU(N) singlet projection

Πij |αβ⟩ = |βα⟩ SU(N) permutation with the 
same rep



S(2)
A = al − s ln(l) + c

Goldstone mode 

Walking

Near-marginal renormalisation group flow on the entanglement cut 
(unlikely due to defect renormalization group flows)

 Sci. Adv. 11, adr0634 (2025)



Ss = − ln(
ZA1

ZA2

) = − ∫
1

0
dλ

∂ ln(Z(λ))
∂λ

= − ∫
1

0
dλ

∑s,s′￼PsPs′￼ (Tr(ρA1,sρA1,s′￼))λ(Tr(ρA2,sρA2,s′￼))1−λ {ln(Tr(ρA1,sρA1,s′￼)) − ln(Tr(ρA2,sρA2,s′￼))}

∑s,s′￼PsPs′￼ (Tr(ρA1,sρA1,s))λ(Tr(ρA2,sρA2,s))1−λ

Z(λ) = ∑
s,s′￼

PsPs′￼ (Tr(ρA1,sρA1,s))
λ(Tr(ρA2,sρA2,s))

1−λ

 PRB 110, 235111 (2024)



H = −
J1

N ∑
⟨ij⟩

Pij −
J2

N ∑
⟨⟨ij⟩⟩

Πij −
Q
N ∑

⟨ij⟩,⟨kl⟩

PijPkl

 Sci. Adv. 11, adr0634 (2025)



 PRL 132, 246503 (2024)

H =
1
2 ∫ dΩ{U0[ψ†(Ω)ψ(Ω) − 2]2 −

5

∑
i=1

ui[ψ†(Ω)Γiψ(Ω)]2}

Γi = {τx ⊗ 𝕀, τy ⊗ 𝕀, τz ⊗ σx, τz ⊗ σy, τz ⊗ σz}

ψ(Ω) =
s

∑
m=−s

Φm(Ω)cm Φm(Ω) ∝ eimϕ coss+m(
θ
2

)sins−m(
θ
2

)

Projected to the LLL with degeneracy N = 2s + 1

ψτσ(Ω)

4πsmagnet monople inside a sphere 
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 M. Ippoliti, R. Mong, F. Assaad, M. Zaletel, PRB 98, 235108 (2018)

 Z. Wang, M. Zaletel, R. Mong, F. Assaad, PRL 126, 045701 (2021)

 Z. Zhou, L. Hu, W. Zhu, and Y.-C. He, PRX 14, 021044 (2024) 



U0 = 1, u1 = u2 = uK, u3 = u4 = u5 = uN

⟨Oi⟩ = ∫ dΩψ†(Ω)Γiψ (Ω) =
s

∑
m=−s

c†
mΓicm

m2
Neel =

1
3N2

⟨(O2
3 + O2

4 + O2
5)⟩m2

VBS =
1

2N2
⟨(O2

1 + O2
2)⟩
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U0 = 1, u1 = u2 = uK, u3 = u4 = u5 = uN

⟨Oi⟩ = ∫ dΩψ†(Ω)Γiψ(Ω) =
s

∑
m=−s

c†
mΓicm

m2
Neel =

1
3N2
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SA(l) = al − s ln(
l
ϵ

) − γ + O(1/l)

d=1 CFT Heisenberg chain, Luttinger liquid DMRG

d=2 QCP Wilson-Fisher O(N), GNY QMC

SSB Antiferromagnet, Superfluid QMC

Topological order Z2 top ord, Kitaev QSL QMC

Fermi surface free fermion,  interaction ?      

S ∼ c ln(l)

S ∼ al − sC ln(l) − γ

S ∼ al − (sG + sC)ln(l) − γ

S ∼ al − γtop

S ∼ l ln(l) + al − ⋯

Corner, logSmooth boundary, no log


