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Integer and Fractional Quantum Anomalous Hall Effects
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Integer and Fractional Quantum Anomalous Hall Effects
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 H. Park et al., Observation of fractionally quantized anomalous Hall effect, Nature 622, 74 (2023)

 Z. Lu et al., Fractional quantum anomalous Hall effect in multilayer Graphene, Nature 626, 759 (2024)

 Z. Lu et al., Extended Quantum Anomalous Hall States in Graphene/hBN moiré superlattices, Nature 637, 1090 (2025)

twisted bilayer MoTe2 rhombohedral pentalayer graphene/hBN

difference in temperature/energy scales

energy gap ~ 20  K

FQAH ~ 0.4 K

FQAH - QAH 0.04 K

FQAH - QAH - CDW - FL transitions



 Phys. Rev. Lett 132, 236502 (2024)

Rep. Prog. Phys 87, 108003 (2024)

Fractional Chern Insulator 

 arXiv: 2404.06745
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Hongyu Lu Han-Qing Wu Bin-Bin Chen Kai Sun

 Phys. Rev. Lett 134, 076601 (2025)
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Lattice model, ED, DMRG+TDVP, (Thermal) Tensor-Network
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Find the insulating plateaus

Δcg ∼ 1 Δcg ∼ 0.36

Two questions:

1. Temperature scales

2. Elementary excitations 



T * < T < Tcg Exciton proliferations, intrinsic correlation effect
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Hongyu Lu et al., Rep. Prog. Phys. 87 (2024) 108003



 Nature 393, 550 (1998)

FL         — Fermi liquid 

FQAHS — Fractional quantum anomalous Hall smectic state 

PSM     — Polar smectic metal

Intertwinement of topological order and Landau order
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6-fold degeneracy 

Charge-neutral magnetoroton

 Hongyu Lu et al., PRL 132, 236502 (2024)
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Roton gap determines the 
onset temperature of FCI 



 Nature 393, 550 (1998)

 Emery, Fradkin, Kivelson, Lubensky, PRL 85, 2160 (2000)

Hongyu Lu et al., Rep. Prog. Phys. 87 (2024) 108003

Coupled Luttinger liquid (non-Fermi liquid) 

No magnetoroton
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The dynamical structure factor of                Laughlin FQH state at                 for      Haldane pseudopotential. ν = 1/3 Ly = 10l V1

k = 0, S = − 2, {dx2−y2, dxy}



Roton spectrum in FCI

 arXiv:2501.00247
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chiral Graviton spectrum in FCI
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6 NNN neighbors on 
the same sublattice
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σH = ν * = 3ν − 2

PRB 86, 235118 (2012)

 PRL 113, 216404 (2014)

 Hongyu Lu et al., Phys. Rev. Lett 132, 236502 (2024)

σH ≠ ν filling of the original flat band

ν = 2/3



t = 1 t′￼= 0.6 t′￼′￼= − 0.58 ϕ = 0.4π

Hard-core boson V1 = V2 = 0

Phys. Rev. Lett. 134, 076601 (2025)
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Twisted Bilayer Graphene

  Phys. Rev. B 109, 125404 (2024)
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Cheng Huang
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  Phys. Rev. B 107, L241105 (2023)

 Chin. Phys. Lett 38, 077305 (2021)   Phys. Rev. Lett 130, 016401 (2023) 



Quantum moiré materials are superlattice of 2D materials (e.g. graphene)

Moiré: stack, twist & new physics emerges

crystal from crystals 


ideal playground & challenge for quantum many-body physics

20∘  rotation

Semiconductor industry,

Quantum dots / wires technologies 

• Periodic in growth direction (mainly 1D)

• Based on free electron band structure



G = n1G1 + n2G2

Form factors from Bloch WF

Gate-screened Coulomb potential

 Stepanov … Efetov, PRL 127, 197701 (2021)
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Momentum-Space Quantum Monte Carlo

 Cheng Huang et al., arXiv: 2412.11382
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Update a single site and update the Green’s function, entire space-time update 
O(N3) O(βN4)
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Z = Tr{∏
τ

e−Δτ Hint(τ)} = Tr{∏
τ

exp{−
Δτ
4Ω ∑

G,q∈mBZ

V(q + G) ⋅ [(δρ−q−G + δρq+G

AQ

)2 − (δρ−q−G − δρq+G

BQ

)2]}}

exp(−α1(Q)A2
Q) =

1
4 ∑

{lQ,τ,1}

γ(lQ,τ,1) exp(iη(lQ,τ,1) α1(Q) AQ)) + O(Δτ4) {lQ,τ,1, lQ,τ,2} α1(Q) =
ΔτV(Q)

4Ω

Δ circulant matrix
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C2zP symmetry
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�⇢q+G,�⌧ =
X

k,m,n

�m,n,�⌧ (k,k+ q+G)(c†k,m,�⌧ ck+q,n,�⌧ � 1

2
�q,0�m,n)
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=
X

k,m,n

�m⇥ n⇥ �m,n,⌧ (k,k+ q+G)(ck+q,�n,�⌧ c
†
k,�m,�⌧ � 1

2
�q,0�m,n)
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Tr{
Y

t

B({l|q|,t})} =
X

{l|q|,t}

D⌧ ({l|q|,t})D�⌧ ({l|q|,t}) =
X

{l|q|,t}

D⌧ ({l|q|,t})D⇤
⌧ ({l|q|,t}) No sign-problem
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decoupled Hamiltonian is traceless anti-Hermitian matrix 

= ∑
k,m,n

− λm,n,τ(k, k + q + G)(c̃†
k+q,n,−τck,m,−τ −

1
2

δq,0δm,n)

= ∑
k,m,n

− λ*n,m,τ(k, k − q − G)(c̃†
k,n,−τck−q,m,−τ −

1
2

δq,0δm,n)
BQ,−τ + iAQ,−τ = BQ,τ − iAQ,τ



 PRL 130, 016401 (2023) momentum-space QMC

Single valley and single spin

κ =
∂n
∂μ

=
⟨N2⟩ − ⟨N⟩2

TN
measured via


quantum capacitance
measured via


STM

Tc = 3.65(5) meV



momentum-space QMC & exact diagonalization
S =

1
N2

⟨(N+ − N−)2⟩

C = ∑ F□ = 1

Tc = 3.65(5) meV

L = 6, T = 1.25 meV

L = 5

 PRL 130, 016401 (2023) 

Gapped excitons restore time-reversal 



 Xu Zhang et al., Fermion sign bounds theory in quantum Monte Carlo simulation, PRB 106, 035121 (2022）

 Xu Zhang et al., Polynomial sign problem and topological Mott insulator in twisted bilayer graphene, PRB 107, L241105 (2023)

Xu Zhang

⟨sign⟩ ≥
⟨W⟩

⟨ |W |⟩
=

ZW

Z|W|
=

gW

g|W|
e−β(⟨E⟩W−⟨E⟩|W|)

⟨sign⟩ ≥
⟨W⟩

⟨ |W |2 ⟩
=

ZW

Z|W|2

=
gW

g|W|2
e−β(⟨E⟩W−⟨E⟩|W|2/2)

⟨sign⟩ =
∑l Wl

∑l |Re(Wl) |
=

⟨W⟩
⟨ |Re(W ) |⟩

⟨ |Re(W ) |⟩ ≤ ⟨ |W |⟩ ≤ ⟨ |W |2 ⟩

Correlated flat-bands have sign bound 

Detective Dr. Dragon on the Monte Carlo Sign Problem

⟨sign⟩ ∼ e−βN

Detective Mr. 
Dragon on the 

Monte Carlo Sign 
Problem




 Phys. Rev. B 107, L241105 (2023)

⟨sign⟩ ≥
gν=1

gν=0
=

(N + 3)2(N + 2)3(N + 1)2

(3!)2

(N + 3)2(N + 2)4(N + 1)2

(3!)2(2!)2

∼
N7

N8
= N−1

gν=1 = 2gC+=3,C−=0 + 2gC+=2,C−=1 =
(N + 3)(N + 2)(N + 1)

3
+

(N + 3)2(N + 2)3(N + 1)2

(3!)2

gν=0 = 2gC+=4,C−=0 + 2gC+=3,C−=1 + gC+=2,C−=2 = 2 +
(N + 3)2(N + 2)2(N + 1)2

(3!)2
+

(N + 3)2(N + 2)4(N + 1)2

(3!)2(2!)2



 PRB 105, L121110 (2022)

T = 0.667 meV

for valley polarized state

for intervalley coherent state

single-particle excitations

Bosonic collective excitations

 CPL 38, 077305 (2021) Express Letter



 PRB 109, 125404 (2024)

QAH

SM



 PRB 109, 125404 (2024)

QAH

SM



Continuous Field Momentum-Space QMC
 Cheng Huang et al., arXiv: 2412.11382
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= ∫ ∏
τ,Q,γ

dϕτ,Q,γ dpτ,Q,γ exp( − ( 1
2 ∑

τ,Q,γ

(p2
τ,Q,γ + ϕ2

τ,Q,γ) − ln(det(M )

ℋ

))
M =

1 0 0 ⋯ 0 BNτ

−B1 1 0 ⋯ 0 0
0 −B2 1 ⋯ 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 ⋯ 1 0
0 0 0 ⋯ −BNτ−1 1

dpτ,Q,γ

dt
= −

∂ℋ
∂ϕτ,Q,γ

= − ϕτ,Q,γ + Tr(M−1 ∂M
∂ϕτ,Q,γ

)

dϕτ,Q,γ

dt
=

∂ℋ
∂pτ,Q,γ

= pτ,Q,γ

{ϕτ,Q,γ, pτ,Q,γ} {ϕτ,Q,γ, pτ,Q,γ} {ϕτ,Q,γ, pτ,Q,γ}

Update the entire time slice and update the Green’s function 

{

O(N2) O(N3)

sparse matrix 

O(N^2)
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 Phys. Rev. Lett 132, 236502 (2024)

Rep. Prog. Phys 87, 108003 (2024)

Fractional Chern Insulator 

 Chin. Phys. Lett 38, 077305 (2021)

 arXiv: 2412.11382

Twisted Bilayer Graphene

  Phys. Rev. Lett 130, 016401 (2023) 

 arXiv: 2404.06745

 arXiv: 2505.04138

  Phys. Rev. B 109, 125404 (2024)

(thermal) tensor-network,  
magnetorotons,  
chiral gravitons, 


…

Momentum-space QMC,

spectral functions,


KIVC-DSM transition

…

 Phys. Rev. Lett 134, 076601 (2025)


