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Outline

• Bands and quantum geometry 

• Quantum geometric nesting in flat bands 

• Doing semiclassics correctly in dispersive bands with quantum geometry
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Flat bands
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In the flat band limit, there is only geometry



Flat bands
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Δ
Interaction U ≪ Δ

In the flat band limit, there is only geometry

How does geometry determine the instabilities?



Flat bands

Generally a result of interference in electron motion, which can be induced by 
frustration or by magnetic flux.

Landau levels Frustrated hopping



Flat bands

moiré

notonic dependence on θ, vanishing repeatedly at the series of
magic angles illustrated in Fig. 4.

Partial insight into the origin of these behaviors can be achieved
by examining the simplest limit in which the momentum-space
lattice is truncated at the first honeycomb shell. Including the
sublattice degree of freedom, this truncation gives rise to the
Hamiltonian

Hk ¼

hkðθ∕2Þ Tb Ttr Ttl
T†
b hkbð−θ∕2Þ 0 0

T†
tr 0 hktrð−θ∕2Þ 0

T†
tl 0 0 hktlð−θ∕2Þ

2

664

3

775; [8]

where k is in the moiré Brillouin-zone and kj ¼ k þ qj. This
Hamiltonian acts on four two-component spinors Ψ ¼ ðψ0;ψ1;
ψ2;ψ3Þ. The first (ψ0) is at a momentum near the Dirac point of
one layer and the other three ψ j are at momenta near qj and in the

other layer. The dependence of hðθÞ on angle is parametrically
small and can be neglected. We have numerically verified that this
approximation reproduces the velocity with reasonable accuracy
down to the first magic angle (Fig. 4, Inset).

The renormalized velocity v⋆ ¼ ∂kϵ⋆k jk¼0 follows from the
spectrum ϵ⋆k of the twisted bilayer. The Hamiltonian is expressed
as a sum of the k ¼ 0 term Hð0Þ and the k-dependent term Hð1Þ

k
and solved to leading order in k.

Consider the k ¼ 0 term in the Hamiltonian. We assume that
Hð0Þ has zero energy eigenstates and prove our assumption by
explicitly finding these states. The zero energy eigenstates must
satisfy

ψ j ¼ −h−1j T†
j ψ0: [9]

Because

Tjh−1j T†
j ¼ 0 [10]

the equation for the ψ0 spinor is h0ψ0 ¼ 0, i.e., ψ0 is one of
the two zero energy states ψ ð1Þ

0 and ψ ð2Þ
0 of the isolated layer.

The two zero energy eigenstates of Hð0Þ then follow from Eq. 9.
Given that jψ ðjÞ

0 j ¼ 1, the wave functions should be normalized
by jΨj2 ¼ 1þ 6α2. The effective Hamiltonian matrix to leading
order in k is therefore

hΨðiÞjHð1Þ
k jΨðjÞi ¼ −v

1þ 6α2
ψ ðiÞ†
0

!
σ · k þ w2

∑

j

Tjh
−1†
j σ

· kh−1j T†
j

"
ψ ðjÞ
0 ¼ −v⋆ψ ðiÞ†

0 σ · kψ ðjÞ
0 :

Aside from a renormalized velocity

v⋆

v
¼ 1 − 3α2

1þ 6α2
; [11]

the Hamiltonian is identical to the continuum model Hamilto-
nian of single-layer graphene. The denominator in Eq. 11 cap-
tures the contribution of the Ψj’s to the normalization of the
wave function whereas the numerator captures their contribution
to the velocity matrix elements. For small α, Eq. 11 reduces to
the expression v⋆∕v ¼ 1 − 9α2, first obtained by Lopes dos Santos
et al. (15). The velocity vanishes at the first magic angle because it
is in the process of changing sign. The eigenstates at the Dirac
point are a coherent combination of components in the two layers
that have velocities of opposite sign.

Counterflow Conductivity. The distribution of the quasiparticle
velocity between the two layers implies exotic transport charac-
teristics for separately contacted layers. Consider a counterflow
geometry in which currents in the two layers flow antiparallel to
one another. We focus on twist angles θ ≳ 2° for which the eight-
band model is valid and to the semiclassical regime in which
ϵFτ > 1 and find the counterflow conductivity σCF. We assume
that the Fermi momentum is much smaller than kθ and that
1∕τ0 < ℏvkθ, where τ0 is single particle lifetime. Using the Kubo
formula we find that

σCF ¼ 4e2

π ∑

kμ

jhψkjvxCFjψkij2½ImfGr
kμðϵFÞg&2; [12]

where

vxCF ¼ −v

σx 0 0 0
0 −σx 0 0
0 0 −σx 0
0 0 0 −σx

0

BB@

1

CCA [13]

Fig. 3. Moiré bands. (A) Energy dispersion for the 14 bands closest to the
Dirac point plotted along the k-space trajectory A → B → C → D → A (see
Fig. 1) for w ¼ 110 meV, and θ ¼ 5° (Left,), 1.05° (Middle), and 0.5° (Right).
(B) DOS. (C) Energy as a function of twist angle for the k ¼ 0 states. Band
separation decreases with θ as also evident from A. (D) Full dispersion of
the flat band at θ ¼ 1.05°.

Fig. 4. Renormalized Dirac-point band velocity. The band velocity of the
twisted bilayer at the Dirac point v⋆ is plotted vs. α2, where α ¼ w∕vkθ

for 0.18° < θ < 1.2°. The velocity vanishes for θ ≈ 1.05°, 0.5°, 0.35°, 0.24°,
and 0.2°. (Inset) The renormalized velocity at larger twist angles. The solid
line corresponds to numerical results and dashed line corresponds to analytic
results based on the eight-band model.
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Correlation physics

Cao et al, 2018
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proximity effects. The carrier density n is tuned by applying a voltage 
to a Pd/Au bottom gate electrode. In Fig. 1b we show the longitudi-
nal resistance Rxx as a function of temperature for two magic-angle 
devices, M1 and M2, with twist angles of 1.16° and 1.05°, respectively. 
At the lowest temperature studied of 70 mK, both devices show zero 
resistance, and therefore a superconducting state. The critical temper-
ature Tc as calculated using a resistance of 50% of the ‘normal’-state 
(non-superconducting) value is approximately 1.7 K and 0.5 K for the 
two devices that we studied in detail. In Fig. 1c, d we show a single- 
particle band structure and density of states (DOS) near the charge 
neutrality point calculated for θ = 1.05°. The superconductivity in both 
devices occurs when the Fermi energy EF is tuned away from charge 
neutrality (EF = 0) to be near half-filling of the lower flat band (EF < 0, 
as indicated in Fig. 1d). The DOS within the energy scale of the flat 
bands is more than three orders of magnitudes higher than that of 
two uncoupled graphene sheets, owing to the reduction of the Fermi 
velocity and the increase in localization that occurs near the magic 
angle. However, the energy at which the DOS peaks does not gener-
ally coincide with the density that is required to half-fill the bands. 
In addition, we did not observe any appreciable superconductivity 
when the Fermi energy was tuned into the flat conduction bands 
(EF > 0). In Fig. 1e we show the current–voltage (I–Vxx, where Vxx 
is the four-probe voltage, as defined in Fig. 1a) curves of device M2 
at different temperatures. We observe typical behaviour for a two- 
dimensional superconductor. The inset shows a tentative fit of the 
same data to a Vxx ∝ I3 power law, as is predicted in a Berezinskii–
Kosterlitz–Thouless transition in two-dimensional superconductors23. 
This analysis yields a Berezinskii–Kosterlitz–Thouless transition tem-
perature of TBKT ≈ 1.0 K at n = −1.44 × 1012 cm−2, where, as before, 

n is the carrier density induced by the gate and measured from the 
charge neutrality point (which is different from the actual carrier  
density involved in transport, as we show below).

In contrast to other known two-dimensional and layered super-
conductors, the superconductivity in magic-angle TBG requires the 
application of only a small gate voltage, corresponding to a minimal 
density of only 1.2 × 1012 cm−2 from charge neutrality, an order of mag-
nitude lower than the value of 1.5 × 1013 cm−2 in LaAlO3/SrTiO3 inter-
faces and of 7 × 1013 cm−2 in electrochemically doped MoS2, among 
others24. Therefore, gate-tunable superconductivity can be realized 
in a high-mobility system without the need for ionic-liquid gating or 
chemical doping. In Fig. 2a we show the two-probe conductance of 
device M1 versus n at zero magnetic field and at a 0.4-T perpendic-
ular magnetic field. Near the charge neutrality point (n = 0), a typical 
V-shaped conductance is observed, which originates from the renor-
malized Dirac cones of the TBG band structure. The insulating states 
centred at approximately ±3.2 × 1012 cm−2 (which corresponds to ns 
for θ = 1.16°) are due to single-particle bandgaps in the band structure 
that correspond to filling ±4 electrons in each superlattice unit cell. In 
between, there are conductance minima at ±2 and ±3 electrons per 
unit cell. These minima are associated with many-body gaps induced by 
the competition between the Coulomb energy and the reduced kinetic 
energy due to confinement of the electronic state in the superlattice 
near the magic angle; these gaps give rise to insulating behaviour near 
the integer fillings18. One possible mechanism for the gaps is similar 
to the gap mechanism in Mott insulators, but with an extra two-fold 
degeneracy (for the case of ±2 electrons) from the valleys in the origi-
nal graphene Brillouin zone17,18,25,26. In the vicinity of −2 electrons 
per unit cell (n ≈ −1.3 × 1012 cm−2 to n ≈ −1.9 × 1012 cm−2) and at a 
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Figure 2 | Gate-tunable superconductivity in magic-angle TBG. 
a, Two-probe conductance G2 = I/Vbias of device M1 (θ = 1.16°) measured 
in zero magnetic field (red) and at a perpendicular field of B⊥ = 0.4 T 
(blue). The curves exhibit the typical V-shaped conductance near charge 
neutrality (n = 0, vertical purple dotted line) and insulating states at the 
superlattice bandgaps n = ±ns, which correspond to filling ±4 electrons 
in each moiré unit cell (blue and red bars). They also exhibit reduced 
conductance at intermediate integer fillings of the superlattice owing to 
Coulomb interactions (other coloured bars). Near a filling of −2 electrons 
per unit cell, there is considerable conductance enhancement at zero field 
that is suppressed in B⊥ = 0.4 T. This enhancement signals the onset of 

superconductivity. Measurements were conducted at 70 mK; Vbias = 10 µV. 
b, Four-probe resistance Rxx, measured at densities corresponding to 
the region bounded by pink dashed lines in a, versus temperature. Two 
superconducting domes are observed next to the half-filling state, which 
is labelled ‘Mott’ and centred around −ns/2 = −1.58 × 1012 cm−2. The 
remaining regions in the diagram are labelled as ‘metal’ owing to the 
metallic temperature dependence. The highest critical temperature 
observed in device M1 is Tc = 0.5 K (at 50% of the normal-state resistance). 
c, As in b, but for device M2, showing two asymmetric and overlapping 
domes. The highest critical temperature in this device is Tc = 1.7 K.

© 2018 Macmillan Publishers Limited, part of Springer Nature. All rights reserved.

FQHE Superconductivity and 
correlated insulators in TBG

H. Park et al, 2023

FQAHE in twisted MoTe2



So many different orders

• Ferromagnetism 

• Antiferromagnetism 

• Intervalley coherence 

• Fractional quantum Hall effect 

• Stripes 

• Charge density wave 

• Loop currents 

• Superconductivity (s-wave, p-wave, d-wave, FFLO…)



Nesting

Within a dispersive band, Fermi surface structure controls instabilities

Quasi-1d Square lattice Hubbard

“2kF” CDW/SDW  antiferromagnet(π, π)

Q

Q



Susceptibility

χ(Q, ω) ∼ ∑
k

nF(ϵk+Q) − nF(ϵk)
ω − ϵk + ϵk+Q

Q

Enhanced susceptibility 
when this vanishes for 
extended range of k

Restricts to near Fermi surface

What happens when the band is flat?? No Fermi surface!



Quantum geometric nesting

Z. Han et al, 2024

For flat band (or bands) at the Fermi energy, 
susceptibility is rendered finite only by thermal 
fluctuations.  But there is still structure.

<latexit sha1_base64="S5+FS2cGIGkjB0m1gOmU3CWZ1TM="></latexit>
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k

Tr
⇥
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†(k)P (k +Q)O(k)P (k)
⇤
.

Order parameter Projector
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Quantum geometric nesting

Bloch vector representation

e.g. 2-band
<latexit sha1_base64="xr1jSXZwEdgELg+w6nLoqiUTOKA="></latexit>

P (k) =
1

2
+

1

2
b(k) · �
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Quantum geometric nesting

Bloch vector representation

N bands, NL flat
<latexit sha1_base64="5bXwY28xOTLqHj8LkcrB6n3bpGM="></latexit>
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N
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1

2
b(k) · �
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O(k) = o(k) + o(k) · �
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Quantum geometric nesting

<latexit sha1_base64="B93tewSmHro1vC9qajyIi75v82M="></latexit>
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b̃o(k +Q) ⌘ b(k +Q)�N [ô(k)⇥ b(k +Q)⇥ ô(k)]

Relates quantum 
geometry at k and k+Q

QGN condition:
<latexit sha1_base64="8d8HGLbOC2N9MeFUke9wP7w39Ak="></latexit>

b̃o(k +Q) k b(k), 8k 2 BZ



Example
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Example
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QMC Simulation

H = H0 + U∑
i

(n2
i,A + n2

i,B)Include Hubbard interaction Use dQMC for 8x8 lattice

T/t = 0.05

U/t=1

Q = (π, π)



QMC Simulation

H = H0 + U∑
i

(n2
i,A + n2

i,B)Include Hubbard interaction Use dQMC for 8x8 lattice

T/t = 0.05

U/t=1



Superconductivity

With attractive interactions in the flat band, can get exotic superconductivity
<latexit sha1_base64="XY13Z9qSZnHZkcVREkgqpSPe/lk="></latexit>
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Superconducting QGN
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QMC
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Summary

• We developed an algebraic approach to quantum geometric nesting 

• It allows intuitive study of ordering instabilities of flat bands 

• QMC validates the approach for a simple model system 

• We also obtain relations between a “high temperature stiffness” and a generalized quantum 
metric (for both particle/hole and superconducting orders at any Q) 

• ?? Is there a way to include non-symmetry breaking “orders” like FQAHE?



Kinetic theory
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σxy ∼ ⟨Ω⟩

σxx ∼ ⟨vx
nvx

n⟩

Role in interacting systems?

Souza, Wilkens, Martin 2000
Various suggestions



Linear response

Anomalous Hall effect

<latexit sha1_base64="Ids6b46IGraRPZh1vKGW4YGILG4="></latexit>

jahe = e2
X

n

Z
ddk

(2⇡)d
nF (!n(k))⌦n(k)⇥E

Karplus+Luttinger, 1954!

Gyromagnetic effect
Ma+Pesin 2015; Song et al 2016

A host of “conventional” (but still complex) transport coefficients

And some originating from Berry curvature

Ashcroft+Mermin

Chiral anomaly…
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Non-linear response

Sodemann+Fu, 2015

Non-linear Hall effect

Q. Ma et al, 2019 (WTe2)



Non-linear response

K. Das et al,2023

“Band-resolved quantum 
metric dipole”

D. Kaplan et al, 2024

A. Gao et al, 2023N. Wang et al, 2023

MnBi2Te4

Quantum metric effects



Response to field gradient

M. Lapa + T. Hughes, 2019

Eμν = ∂Eμ/∂xν

Quantum metric dipole



Theoretical approaches

• Quantum response theory (~Kubo) 

• Usually regarded as most rigorous method 

• Formal.  Simple results often obtained by very technical route. 

• Does not show dis-equilibrium 

• Semi-classics 

• Intuitive 

• Directly reveals deviations from equilibrium 

• Approximate?



Semiclassics

• Boltzmann equation

<latexit sha1_base64="7n9U35BRYym500VLjQ5z0BSXq+o="></latexit>
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dxµ
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+
dkµ
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@fn
@kµ

= C[f ]

Incompressible flow of states in phase space

• One particle equations of motion

Q. Niu ++
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The power of semiclassics

• Anomalous Hall effect

Immediately gives AHE
<latexit sha1_base64="JmjoQzqCAp3hBlUSFr1oB+5LrwQ="></latexit>
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• Thermal conductivity
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The power of semiclassics

• Anomalous Hall effect

Immediately gives AHE
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n “Standard” thermal conductivity

n.b. essential to include T(x).

These and many other results agree with Kubo exactly.  This is 
because the semiclassical approximation is exact to first order in 

spatial gradients.



Semiclassics

• Boltzmann equation
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Incompressible flow of states in phase space

• One particle equations of motion

Q. Niu ++

Just written down! iℏ∂tρ = [H, ρ]

Wavepacket 
approximation

iℏ∂tx = [H, x]
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Semiclassics

• Boltzmann equation
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Incompressible flow of states in phase space

• One particle equations of motion

Q. Niu ++

Just written down! iℏ∂tρ = [H, ρ]

Wavepacket 
approximation

iℏ∂tx = [H, x]

Two semiclassical approximations at the 
same time
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Kinetics

iℏ∂tρ = [H, ρ]Liouville-von Neumann equation

Systematic derivation of Boltzmann-like equations 

Intuitively fn(k) ∼ ⟨n, k |ρ |n, k⟩

Two issues: 
• Track spatial dependence 
• Off-diagonal terms in density matrix (inter-band coherence)



Wigner transformation
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Wigner-Weyl quantization

C = AB C(k, X) = A(k, X) ⋆ B(k, X)
Operators Functions on phase space



Moyal/star product

Slow spatial variation

Symplectic form

Semi-classical expansion

Systematic procedure to carry out gradient expansion while working in both 
position and momentum.
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Star diagonalization

Even with phase space formalism, H, F, etc are still matrices

To pass to a semi-classical kinetic equation, we want to eliminate off-diagonal terms.

Diagonalization is compatible with star product
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H = U ? h̃ ? U †
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F = U ? f̃ ? U †
Formal diagonalization carried 
out order by order in gradient 
expansion.

Almost the desired diagonal Hamiltonian and distribution

BUT we need to ensure gauge invariance.



Gauge invariance

Quantum mechanics allows an arbitrary phase for each eigenfunction.  Within a band this is 
the usual origin of Berry gauge field.

<latexit sha1_base64="3IPFISO7+Ryv0stmWiiCTGr8UJI="></latexit>

U ! U ? Ei✓(x,k) Transforms non-trivially 
because of star product

<latexit sha1_base64="+pakvmtiYPg8EWh+G/dE+PtVQUM="></latexit>

f̃ ! E�i✓ ? f̃ ? Ei✓

Gauge invariant form
<latexit sha1_base64="+czITxKMsEuURAUtkE6yAttmDH4="></latexit>

fn = tr
h
U ? pnf̃ ? U †

i

Projector on nth band

<latexit sha1_base64="zQ9UtgcMDvD4s1cSy65MjTSuYJc="></latexit>

⇢En =
1

2
tr[U ? pn(h̃ ? f̃ + f̃ ? h̃) ? U †]Energy density



Gauge invariance
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We worked these out to second order in gradients:

Now simply fn is electron density in a band
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Kinetic equation

<latexit sha1_base64="zX31gw2vuNy8E3Om+pu8ntRNXlM="></latexit>

@tfn + @↵J↵ = 0 Just continuity equation for density in a band

c.f. simple convection
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J↵ = fnv↵

Here, to second order:

Incompressible flow

Boltzmann equation
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Here, to second order:

Incompressible flow

Boltzmann equation
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Kinetic equation
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• General and exact up to second order in semiclassical expansion 
• Explicitly contains real space and momentum space, and capable of describing 
inhomogeneous systems.  Magnetic field can be included by modifying  

• Quantum geometry of bands appears explicitly, takes local band Hamiltonian as input 
• Only band-intrinsic quantities appear: but these are bands renormalized by quantum 
corrections. 

• Ready to attack all sorts of problems!

ϵαβ



Example: separable problem
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H(x, p) = H0(p)� eV (x)IN

Band form Diagonal potential

Kinetic equation (relaxation time approx)

"band-normalized quantum metric”

(not a purely geometric quantity)
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Here, fn ≡ nF (εn − eV ), vn,i = !−1∂ki
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Pn], (3.25)
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The first two terms in the first line are expressed using the
Berry connection which is gauge dependent. However, as
mentioned before, the current itself is gauge-invariant. If
you take the derivative ∂xj

, it acts on fn to produce
−f ′

ne∂xi
V . Then, by integration of parts, these two
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which, of course, is the Hall current.

3.2. Non-equilibrium current

We now turn to the case of a time-dependent external
potential. We begin by discussing the off-diagonal com-
ponents of the distribution function F̃ which obey the
kinetic equation (2.25). We can solve for the off-diagonal
components by expanding perturbatively in e. To first
order in e, it must satisfy the kinetic equation

i!∂t(F̃)nm − εn ⋆ (F̃)nm + (F̃)nm ⋆ εm (3.27)

≈ !(Λt)nm ⋆ nF,m − nF,n ⋆ !(Λt)nm +O(e2)

where we assumed F̃ vanishes in the absence of an ex-
ternal potential. If we define the Fourier transform
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where nF,n = nF (εn). At this order, if !ω, eV ≪ εn−εm,

we see that ( ̂̃F)nm ∼ !ωeV̂ /(εn − εm)2 ≪ 1. Therefore,
in the low frequency limit of ω ≪ ωgap where !ωgap is
the smallest of the band gaps neighboring the Fermi en-
ergy, the contribution from F̃ is negligible. Physically,
this simply means the off-diagonal components can be
ignored if we considering frequencies that are sufficiently
small such that the external potential cannot induce in-
terband transitions. Of course, this assumption cannot
be made if we are interested in optical effects that involve
band transitions such as the shift or injection current for
example. However, in this paper we choose to work in
this limit and we set F̃ = 0.

Now, we only have to solve the kinetic equation for f
given by (2.26) which becomes [XYH: to check]
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We remind the reader that all the quantities mentioned
above are diagonal matrices. We added a collision in-
tegral to incorporate scattering effects which we will
approximate using the relaxation time approximation
(RTA), I[f ] = −τ−1(f − fr). The RTA can be un-

derstood as modelling relaxation by coupling the system
to a large external bath that maintains a distribution
function fr and allowing fermions to scatter between the
system and bath with a rate τ−1. We choose the distri-
bution function of the bath such that the system would



Non-equilibrium current
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Summary

• We found a procedure to obtain semiclassical electron dynamics organized by spatial 
gradients 

• We found a general result for the phase space current to second order in gradients, capable 
of handling inhomogeneous systems and magnetic fields 

• Prior results for linear and non-linear response are recovered, and in some cases corrected 

• Still needed: a scattering/interactions theory with the same validity
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