
Multivariate Linear Regression

• Deterministic method

• Normal equation, computational complexity and instability issues

• Stochastic method

• Gradient Descent

• Steepest Descent

• Conjugate Gradient

Good reference:

Jonathan Richard Shewchuk

An Introduction to Conjugate Gradient Method Without the Agonizing Pain 

“I am trained to only sleep during national holidays.”

http://www.cs.cmu.edu/~quake-papers/painless-conjugate-gradient.pdf

HKU

http://www.cs.cmu.edu/~quake-papers/painless-conjugate-gradient.pdf
http://www.cs.cmu.edu/~quake-papers/painless-conjugate-gradient.pdf


(a) positive-definite, symmetric

(b) negative-definite

(c) singular, a set of solution

(d) saddle point

A =
1

M
XTX

<latexit sha1_base64="OH0fo26BWWMXaGApnlsSkCKpm2U=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16CRbBU0mqoBeh6sWLUKEfgTaWzXbTLt1swu5GKCH+FS8eFPHqD/Hmv3Hb5qCtDwYe780wM8+PGZXKtr+Nwsrq2vpGcbO0tb2zu2fuH7RllAhMWjhikXB9JAmjnLQUVYy4sSAo9Bnp+OObqd95JELSiDfVJCZeiIacBhQjpaW+Wb667AUC4dTJ0rvMfUibmds3K3bVnsFaJk5OKpCj0Te/eoMIJyHhCjMkZdexY+WlSCiKGclKvUSSGOExGpKuphyFRHrp7PjMOtbKwAoioYsra6b+nkhRKOUk9HVniNRILnpT8T+vm6jgwkspjxNFOJ4vChJmqciaJmENqCBYsYkmCAuqb7XwCOkslM6rpENwFl9eJu1a1Tmt1u7PKvXrPI4iHMIRnIAD51CHW2hACzBM4Ble4c14Ml6Md+Nj3low8pky/IHx+QN8QZSr</latexit>

R(N+1)⇥(N+1)
<latexit sha1_base64="AkGwlyuZqhkGuKMBGaOtx1tcBws=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQEUpSBV0W3biSKvYBTSyT6bQdOpmEmYlQQnZu/BU3LhRx6y+482+cpFlo64ELh3Pu5d57vJBRqSzr2ygsLC4trxRXS2vrG5tb5vZOSwaRwKSJAxaIjockYZSTpqKKkU4oCPI9Rtre+DL12w9ESBrwOzUJieujIacDipHSUs/cd3ykRp4X3yb3ceX62D5yFPWJhBlPembZqloZ4Dyxc1IGORo988vpBzjyCVeYISm7thUqN0ZCUcxIUnIiSUKEx2hIuppypHe5cfZHAg+10oeDQOjiCmbq74kY+VJOfE93plfLWS8V//O6kRqcuzHlYaQIx9NFg4hBFcA0FNingmDFJpogLKi+FeIREggrHV1Jh2DPvjxPWrWqfVKt3ZyW6xd5HEWwBw5ABdjgDNTBFWiAJsDgETyDV/BmPBkvxrvxMW0tGPnMLvgD4/MHn6aX2Q==</latexit>

b = XTY
<latexit sha1_base64="al0Jzae6wiTMLKHBGCwwfsQYTuU=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0mqoBeh6MVjhX5E2lg22027dLOJuxuhhP4JLx4U8erf8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3Cyura+kZxs7S1vbO7Z+8ftFScSkKbJOax9AKsKGeCNjXTnHqJpDgKOG0Ho5up336iUrFYNPQ4oX6EB4KFjGBtJC+48h6yxuS+Z5edijMDWiZuTsqQo96zv7r9mKQRFZpwrFTHdRLtZ1hqRjidlLqpogkmIzygHUMFjqjys9m9E3RilD4KY2lKaDRTf09kOFJqHAWmM8J6qBa9qfif10l1eOlnTCSppoLMF4UpRzpG0+dRn0lKNB8bgolk5lZEhlhiok1EJROCu/jyMmlVK+5ZpXp3Xq5d53EU4QiO4RRcuIAa3EIdmkCAwzO8wpv1aL1Y79bHvLVg5TOH8AfW5w/BIo/I</latexit>

R(N+1)⇥1
<latexit sha1_base64="KJfV5OOKbNbGaQWyE1OkySH35wQ=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahIpSkCrosunElVewDmlgm00k7dDIJMxOhhIAbf8WNC0Xc+hPu/BsnbRbaeuDC4Zx7ufceL2JUKsv6NgoLi0vLK8XV0tr6xuaWub3TkmEsMGnikIWi4yFJGOWkqahipBMJggKPkbY3usz89gMRkob8To0j4gZowKlPMVJa6pl7ToDU0POS2/Q+qVwf20eOogGR0E57ZtmqWhPAeWLnpAxyNHrml9MPcRwQrjBDUnZtK1JugoSimJG05MSSRAiP0IB0NeVI73GTyQ8pPNRKH/qh0MUVnKi/JxIUSDkOPN2ZXSxnvUz8z+vGyj93E8qjWBGOp4v8mEEVwiwQ2KeCYMXGmiAsqL4V4iESCCsdW0mHYM++PE9atap9Uq3dnJbrF3kcRbAPDkAF2OAM1MEVaIAmwOARPINX8GY8GS/Gu/ExbS0Y+cwu+APj8wezjZbn</latexit>

Paraboloid and positive-definite

rxf(x) = Ax� b = 0
<latexit sha1_base64="axFRSFs+YHbnUsWbnvozQ/Em8KE=">AAAB/3icbVDLSgNBEJyNrxhfq4IXL4NBiAfDbhT0Eoh68RjBPCAJoXcymwyZnV1mZiVhzcFf8eJBEa/+hjf/xsnjoIkFDUVVN91dXsSZ0o7zbaWWlldW19LrmY3Nre0de3evqsJYElohIQ9l3QNFORO0opnmtB5JCoHHac3r34z92gOVioXiXg8j2gqgK5jPCGgjte2DpgCPQzsZjPzc4KR4NcCnXtFp21kn70yAF4k7I1k0Q7ltfzU7IYkDKjThoFTDdSLdSkBqRjgdZZqxohGQPnRpw1ABAVWtZHL/CB8bpYP9UJoSGk/U3xMJBEoNA890BqB7at4bi/95jVj7l62EiSjWVJDpIj/mWId4HAbuMEmJ5kNDgEhmbsWkBxKINpFlTAju/MuLpFrIu2f5wt15tnQ9iyONDtERyiEXXaASukVlVEEEPaJn9IrerCfrxXq3PqatKWs2s4/+wPr8AUbPlPU=</latexit>

A =


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2 6

�

<latexit sha1_base64="ck7f0JIYUJ8PG1/5iwSHVg15q2E=">AAACGHicbZDLSgMxFIYzXut4G3XpJlgUV3WmFXUjVN24rGAv0Cklk562oZnMkGTEMvQx3Pgqblwo4rY738b0gmjrgcDH/59DzvmDmDOlXffLWlhcWl5ZzazZ6xubW9vOzm5FRYmkUKYRj2QtIAo4E1DWTHOoxRJIGHCoBr2bkV99AKlYJO51P4ZGSDqCtRkl2khN5+Tq0g+gw0QahERL9jiwC/gI57Hv23kDZ9j2QbR+3KaTdXPuuPA8eFPIommVms7Qb0U0CUFoyolSdc+NdSMlUjPKYWD7iYKY0B7pQN2gICGoRjo+bIAPjdLC7UiaJzQeq78nUhIq1Q8D02n266pZbyT+59UT3b5opEzEiQZBJx+1E451hEcp4RaTQDXvGyBUMrMrpl0iCdUmS9uE4M2ePA+VfM4r5PJ3p9ni9TSODNpHB+gYeegcFdEtKqEyougJvaA39G49W6/Wh/U5aV2wpjN76E9Zw29pkJ2E</latexit>

b =


2
�8

�

<latexit sha1_base64="p2ElELhlhbXBut7y3Z4R7g8T6R4=">AAACEXicbVDLSsNAFJ34rPFVdelmsAjdWJIq2I1QdOOygn1AE8pkctsOnUzCzEQsob/gxl9x40IRt+7c+TdOH4i2HrhwOOde7r0nSDhT2nG+rKXlldW19dyGvbm1vbOb39tvqDiVFOo05rFsBUQBZwLqmmkOrUQCiQIOzWBwNfabdyAVi8WtHibgR6QnWJdRoo3UyReDCy+AHhNZEBEt2f3ILmPPs08q2PZAhD9yJ19wSs4EeJG4M1JAM9Q6+U8vjGkagdCUE6XarpNoPyNSM8phZHupgoTQAelB21BBIlB+NvlohI+NEuJuLE0JjSfq74mMREoNo8B0mvv6at4bi/957VR3K37GRJJqEHS6qJtyrGM8jgeHTALVfGgIoZKZWzHtE0moNiHaJgR3/uVF0iiX3NNS+easUL2cxZFDh+gIFZGLzlEVXaMaqiOKHtATekGv1qP1bL1Z79PWJWs2c4D+wPr4BsljnF0=</latexit>

c = 0
<latexit sha1_base64="I/Mw6wQUcu2qEGIjYmc2ESDFe3Q=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CIUvXisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8NOME/YgOJA85o8ZKD+za7ZXKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdKsVrzzSvX+oly7yeMowDGcwBl4cAk1uIM6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx+3w41s</latexit>



Steepest Descent

gradient

search line, 

              f(x) is minimised where the gradient is 


orthogonal to the search line 

Steepest descent


The search direction is orthogonal, but this is not 
sufficient,


The searching direction needs to be A-orthogonal



x(0) = [�2,�2]T
<latexit sha1_base64="KDdTwKhgd5IQunrII+FGY9XoFuE=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQwZYkCroRim5cVugL0hgm00k7dPJgZiKGEH/FjQtF3Poh7vwbp4+Fth64cDjnXu69x4sZFdIwvrXCyura+kZxs7S1vbO7p+8fdESUcEzaOGIR73lIEEZD0pZUMtKLOUGBx0jXG99M/O4D4YJGYUumMXECNAypTzGSSnL18qObVY2T/MquWac1y7nPWrmrV4y6MQVcJuacVMAcTVf/6g8inAQklJghIWzTiKWTIS4pZiQv9RNBYoTHaEhsRUMUEOFk0+NzeKyUAfQjriqUcKr+nshQIEQaeKozQHIkFr2J+J9nJ9K/dDIaxokkIZ4t8hMGZQQnScAB5QRLliqCMKfqVohHiCMsVV4lFYK5+PIy6Vh186xu3Z1XGtfzOIrgEByBKjDBBWiAW9AEbYBBCp7BK3jTnrQX7V37mLUWtPlMGfyB9vkDVGiTRg==</latexit>

r(i) = b�Ax(i)
<latexit sha1_base64="0eaEBZQvwj0HknRCXFnqHsVce9U=">AAAB+3icbZDLSsNAFIZPvNZ6i3XpJliEurAkVdCNUHXjsoK9QBvCZDpph04mYWYiLSGv4saFIm59EXe+jdM2C239YeDjP+dwzvx+zKhUtv1trKyurW9sFraK2zu7e/vmQaklo0Rg0sQRi0THR5IwyklTUcVIJxYEhT4jbX90N623n4iQNOKPahITN0QDTgOKkdKWZ5aEl1boaXbtn92M5+iZZbtqz2Qtg5NDGXI1PPOr149wEhKuMENSdh07Vm6KhKKYkazYSySJER6hAelq5Cgk0k1nt2fWiXb6VhAJ/biyZu7viRSFUk5CX3eGSA3lYm1q/lfrJiq4clPK40QRjueLgoRZKrKmQVh9KghWbKIBYUH1rRYeIoGw0nEVdQjO4peXoVWrOufV2sNFuX6bx1GAIziGCjhwCXW4hwY0AcMYnuEV3ozMeDHejY9564qRzxzCHxmfP5EZk3w=</latexit>

Residual ri = �rx(i)
f(x)

<latexit sha1_base64="PZi7dLZKdd9lHSvpDA8cj4c+wtE=">AAACBHicbVBNS8NAEN34WetX1GMvwSK0B0tSBb0IRS8eK9gPaEuYbDft0s0m7G6kJeTgxb/ixYMiXv0R3vw3btsctPXBwOO9GWbmeRGjUtn2t7Gyura+sZnbym/v7O7tmweHTRnGApMGDlko2h5IwignDUUVI+1IEAg8Rlre6Gbqtx6IkDTk92oSkV4AA059ikFpyTULwk1oenXa5eAxcJOxm5RoOU390rjsmkW7Ys9gLRMnI0WUoe6aX91+iOOAcIUZSNlx7Ej1EhCKYkbSfDeWJAI8ggHpaMohILKXzJ5IrROt9C0/FLq4smbq74kEAikngac7A1BDuehNxf+8Tqz8y15CeRQrwvF8kR8zS4XWNBGrTwXBik00ASyovtXCQxCAlc4tr0NwFl9eJs1qxTmrVO/Oi7XrLI4cKqBjVEIOukA1dIvqqIEwekTP6BW9GU/Gi/FufMxbV4xs5gj9gfH5AyRWl8I=</latexit>

↵(i) =
rT(i)r(i)

rT(i)Ar(i)
<latexit sha1_base64="RBk6QAHkiDfbuCCWu2OLstktP+8=">AAACJHicbZDLSsNAFIYn9VbrLerSzWAR6qYkVVAQoerGZYXeoIlhMp20QycXZiZCCXkYN76KGxdecOHGZ3HaRKitB4b5+f5zmDm/GzEqpGF8aYWl5ZXVteJ6aWNza3tH391rizDmmLRwyELedZEgjAakJalkpBtxgnyXkY47upn4nQfCBQ2DphxHxPbRIKAexUgq5OgXFmLREDlJhR6nl5bHEU74fdJMM8KzK51lV7/Q0ctG1ZgWXBRmLsogr4ajv1v9EMc+CSRmSIieaUTSThCXFDOSlqxYkAjhERqQnpIB8omwk+mSKTxSpA+9kKsTSDilsxMJ8oUY+67q9JEcinlvAv/zerH0zu2EBlEsSYCzh7yYQRnCSWKwTznBko2VQJhT9VeIh0gFJVWuJRWCOb/yomjXquZJtXZ3Wq5f53EUwQE4BBVggjNQB7egAVoAg0fwDF7Bm/akvWgf2mfWWtDymX3wp7TvH0/VpTY=</latexit>

Learning rate

rT(i+1)r(i) = 0

(b�Ax(i+1))
T r(i) = 0

(b�A(x(i) + ↵r(i)))
T r(i) = 0

(b�AX(i))
T r(i) = ↵(Ar(i))

T r(i)

rT(i)r(i) = ↵rT(i)Ar(i)

↵ =
rT(i)r(i)

rT(i)Ar(i)
<latexit sha1_base64="4S4SUT9v+bOe6qPhdNCdJnuqihw="></latexit>

x(i+1) = x(i) + ↵(i)r(i)
<latexit sha1_base64="95/kM5h/jp8day3YulPLo59xVrs=">AAACDnicbVBNS8MwGE79nPOr6tFLcAw2BqOdgl6EoRePE9wHbKWkWbqFpWlJUnGU/QIv/hUvHhTx6tmb/8as7UE3Hwh58jzvy5v38SJGpbKsb2NldW19Y7OwVdze2d3bNw8OOzKMBSZtHLJQ9DwkCaOctBVVjPQiQVDgMdL1Jtdzv3tPhKQhv1PTiDgBGnHqU4yUllyz/OAmFVqzq7PLlFVntQFi0RhlD5Fdrlmy6lYKuEzsnJRAjpZrfg2GIY4DwhVmSMq+bUXKSZBQFDMyKw5iSSKEJ2hE+ppyFBDpJOk6M1jWyhD6odCHK5iqvzsSFEg5DTxdGSA1loveXPzP68fKv3ASyqNYEY6zQX7MoArhPBs4pIJgxaaaICyo/ivEYyQQVjrBog7BXlx5mXQadfu03rg9KzWv8jgK4BicgAqwwTloghvQAm2AwSN4Bq/gzXgyXox34yMrXTHyniPwB8bnDypCmu0=</latexit>

Iteration

Each gradient is orthogonal to the previous gradient

Steepest Descent

r(0) = [12, 8]T

<latexit sha1_base64="92CMobkEJ6mOQurDK3+H6Ly3q8E=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBEqSElKwboQim5cVugL0hgm00k7dDIJMxOxhPyKGxeKuPVH3Pk3TtsstPXAhcM593LvPX7MqFSW9W2srW9sbm0Xdoq7e/sHh+ZRqSujRGDSwRGLRN9HkjDKSUdRxUg/FgSFPiM9f3I783uPREga8baaxsQN0YjTgGKktOSZJeGlFes8u3bs2kXDfUjbmWeWrao1B1wldk7KIEfLM78GwwgnIeEKMySlY1uxclMkFMWMZMVBIkmM8ASNiKMpRyGRbjq/PYNnWhnCIBK6uIJz9fdEikIpp6GvO0OkxnLZm4n/eU6igoabUh4ninC8WBQkDKoIzoKAQyoIVmyqCcKC6lshHiOBsNJxFXUI9vLLq6Rbq9r16tV9vdy8yeMogBNwCirABpegCe5AC3QABk/gGbyCNyMzXox342PRumbkM8fgD4zPH+75kxs=</latexit>

rT(0)r(0) = 208

<latexit sha1_base64="5SuMwF3fzwE4iRCUydvkGUpAkbY=">AAAB/3icbZDLSsNAFIZPvNZ6iwpu3ASLUDclKQXrQii6cVmhN2hjmEwn7dDJJMxMhBK78FXcuFDEra/hzrdx2mahrT8MfPznHM6Z348Zlcq2v42V1bX1jc3cVn57Z3dv3zw4bMkoEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH91M6+0HIiSNeEONY+KGaMBpQDFS2vLMY+GlRft8cp82Jhlele2qZxbskj2TtQxOBgXIVPfMr14/wklIuMIMSdl17Fi5KRKKYkYm+V4iSYzwCA1IVyNHIZFuOrt/Yp1pp28FkdCPK2vm/p5IUSjlOPR1Z4jUUC7WpuZ/tW6igqqbUh4ninA8XxQkzFKRNQ3D6lNBsGJjDQgLqm+18BAJhJWOLK9DcBa/vAytcsmplC7vKoXadRZHDk7gFIrgwAXU4Bbq0AQMj/AMr/BmPBkvxrvxMW9dMbKZI/gj4/MHwiiUqA==</latexit>

rT(0)Ar(0) = 1200

<latexit sha1_base64="QArBtKV2jLRg6J8wNm7XoY2qtiE=">AAACA3icbVDLSgMxFM34rPU16k43wSLUTcmUgroQqm5cVugL2nHIpJk2NJMZkoxQhoIbf8WNC0Xc+hPu/BvTdhbaeuDCyTn3knuPH3OmNELf1tLyyuraem4jv7m1vbNr7+03VZRIQhsk4pFs+1hRzgRtaKY5bceS4tDntOUPbyZ+64FKxSJR16OYuiHuCxYwgrWRPPtQemkRnY7v0/oYXsHsdemUEfLsAiqhKeAicTJSABlqnv3V7UUkCanQhGOlOg6KtZtiqRnhdJzvJorGmAxxn3YMFTikyk2nN4zhiVF6MIikKaHhVP09keJQqVHom84Q64Ga9ybif14n0cG5mzIRJ5oKMvsoSDjUEZwEAntMUqL5yBBMJDO7QjLAEhNtYsubEJz5kxdJs1xyKqWLu0qhep3FkQNH4BgUgQPOQBXcghpoAAIewTN4BW/Wk/VivVsfs9YlK5s5AH9gff4AciWVeg==</latexit>

x(1) = [�2,�2]T +
208

1200
[12, 8]T = [0.08,�0.62]T

<latexit sha1_base64="S90hTAVQCdbpOQgB+L24CTT7+co="></latexit>

A =


3 2
2 6

�

<latexit sha1_base64="ck7f0JIYUJ8PG1/5iwSHVg15q2E=">AAACGHicbZDLSgMxFIYzXut4G3XpJlgUV3WmFXUjVN24rGAv0Cklk562oZnMkGTEMvQx3Pgqblwo4rY738b0gmjrgcDH/59DzvmDmDOlXffLWlhcWl5ZzazZ6xubW9vOzm5FRYmkUKYRj2QtIAo4E1DWTHOoxRJIGHCoBr2bkV99AKlYJO51P4ZGSDqCtRkl2khN5+Tq0g+gw0QahERL9jiwC/gI57Hv23kDZ9j2QbR+3KaTdXPuuPA8eFPIommVms7Qb0U0CUFoyolSdc+NdSMlUjPKYWD7iYKY0B7pQN2gICGoRjo+bIAPjdLC7UiaJzQeq78nUhIq1Q8D02n266pZbyT+59UT3b5opEzEiQZBJx+1E451hEcp4RaTQDXvGyBUMrMrpl0iCdUmS9uE4M2ePA+VfM4r5PJ3p9ni9TSODNpHB+gYeegcFdEtKqEyougJvaA39G49W6/Wh/U5aV2wpjN76E9Zw29pkJ2E</latexit>

b =


2
�8

�

<latexit sha1_base64="p2ElELhlhbXBut7y3Z4R7g8T6R4=">AAACEXicbVDLSsNAFJ34rPFVdelmsAjdWJIq2I1QdOOygn1AE8pkctsOnUzCzEQsob/gxl9x40IRt+7c+TdOH4i2HrhwOOde7r0nSDhT2nG+rKXlldW19dyGvbm1vbOb39tvqDiVFOo05rFsBUQBZwLqmmkOrUQCiQIOzWBwNfabdyAVi8WtHibgR6QnWJdRoo3UyReDCy+AHhNZEBEt2f3ILmPPs08q2PZAhD9yJ19wSs4EeJG4M1JAM9Q6+U8vjGkagdCUE6XarpNoPyNSM8phZHupgoTQAelB21BBIlB+NvlohI+NEuJuLE0JjSfq74mMREoNo8B0mvv6at4bi/957VR3K37GRJJqEHS6qJtyrGM8jgeHTALVfGgIoZKZWzHtE0moNiHaJgR3/uVF0iiX3NNS+easUL2cxZFDh+gIFZGLzlEVXaMaqiOKHtATekGv1qP1bL1Z79PWJWs2c4D+wPr4BsljnF0=</latexit>

c = 0
<latexit sha1_base64="I/Mw6wQUcu2qEGIjYmc2ESDFe3Q=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CIUvXisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8NOME/YgOJA85o8ZKD+za7ZXKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdKsVrzzSvX+oly7yeMowDGcwBl4cAk1uIM6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx+3w41s</latexit>



Let’s eigen do it

A =


3 2
2 6

�

<latexit sha1_base64="ck7f0JIYUJ8PG1/5iwSHVg15q2E=">AAACGHicbZDLSgMxFIYzXut4G3XpJlgUV3WmFXUjVN24rGAv0Cklk562oZnMkGTEMvQx3Pgqblwo4rY738b0gmjrgcDH/59DzvmDmDOlXffLWlhcWl5ZzazZ6xubW9vOzm5FRYmkUKYRj2QtIAo4E1DWTHOoxRJIGHCoBr2bkV99AKlYJO51P4ZGSDqCtRkl2khN5+Tq0g+gw0QahERL9jiwC/gI57Hv23kDZ9j2QbR+3KaTdXPuuPA8eFPIommVms7Qb0U0CUFoyolSdc+NdSMlUjPKYWD7iYKY0B7pQN2gICGoRjo+bIAPjdLC7UiaJzQeq78nUhIq1Q8D02n266pZbyT+59UT3b5opEzEiQZBJx+1E451hEcp4RaTQDXvGyBUMrMrpl0iCdUmS9uE4M2ePA+VfM4r5PJ3p9ni9TSODNpHB+gYeegcFdEtKqEyougJvaA39G49W6/Wh/U5aV2wpjN76E9Zw29pkJ2E</latexit>

b =


2
�8

�

<latexit sha1_base64="p2ElELhlhbXBut7y3Z4R7g8T6R4=">AAACEXicbVDLSsNAFJ34rPFVdelmsAjdWJIq2I1QdOOygn1AE8pkctsOnUzCzEQsob/gxl9x40IRt+7c+TdOH4i2HrhwOOde7r0nSDhT2nG+rKXlldW19dyGvbm1vbOb39tvqDiVFOo05rFsBUQBZwLqmmkOrUQCiQIOzWBwNfabdyAVi8WtHibgR6QnWJdRoo3UyReDCy+AHhNZEBEt2f3ILmPPs08q2PZAhD9yJ19wSs4EeJG4M1JAM9Q6+U8vjGkagdCUE6XarpNoPyNSM8phZHupgoTQAelB21BBIlB+NvlohI+NEuJuLE0JjSfq74mMREoNo8B0mvv6at4bi/957VR3K37GRJJqEHS6qJtyrGM8jgeHTALVfGgIoZKZWzHtE0moNiHaJgR3/uVF0iiX3NNS+easUL2cxZFDh+gIFZGLzlEVXaMaqiOKHtATekGv1qP1bL1Z79PWJWs2c4D+wPr4BsljnF0=</latexit>

c = 0
<latexit sha1_base64="I/Mw6wQUcu2qEGIjYmc2ESDFe3Q=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CIUvXisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8NOME/YgOJA85o8ZKD+za7ZXKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdKsVrzzSvX+oly7yeMowDGcwBl4cAk1uIM6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx+3w41s</latexit>

Eigenvalues and eigenvectors:
�1 = 7, e(1) = [1, 2]T

�2 = 2, e(2) = [�2, 1]T
<latexit sha1_base64="0DZ3/UoJr2UVL9lJH79MDu0gOG0="></latexit>

If r_{(i)} is the eigenvector, only one step to converge to the exact solution 

r(i+1) = b�A(x(i) + ↵r(i))

= b�Ax(i) � ↵Ar(i)
= 0

<latexit sha1_base64="8H0HKVob0yvnznO6SvOLtgXrxBc="></latexit>

Ar(i) = �r(i) ↵ = 1/�
<latexit sha1_base64="M47zGlLjQIfRwUnL4n8LP/S3sl4=">AAACGXicbVDLSgMxFM34rPU16tJNsAh1U2eqoFAKVTcuK9gHdIbhTpq2oZkHSUYoQ3/Djb/ixoUiLnXl35i2s9DWA4GTc+4hucePOZPKsr6NpeWV1bX13EZ+c2t7Z9fc22/KKBGENkjEI9H2QVLOQtpQTHHajgWFwOe05Q9vJn7rgQrJovBejWLqBtAPWY8RUFryTOtKeGmRnYyrDtepLuDsjp2KU8EO8HgAuIrt08z3zIJVsqbAi8TOSAFlqHvmp9ONSBLQUBEOUnZsK1ZuCkIxwuk47ySSxkCG0KcdTUMIqHTT6WZjfKyVLu5FQp9Q4an6O5FCIOUo8PVkAGog572J+J/XSVTv0k1ZGCeKhmT2UC/hWEV4UhPuMkGJ4iNNgAim/4rJAAQQpcvM6xLs+ZUXSbNcss9K5bvzQu06qyOHDtERKiIbXaAaukV11EAEPaJn9IrejCfjxXg3PmajS0aWOUB/YHz9AOaAnlo=</latexit>

“Eigenvectors are useful tools, and not just bizarre torture devices inflicted on you by your professors for the 
pleasure of watching you suffer (although the latter is a nice fringe benefit)”



Paraboloid is ellipsoidal, only if r are

 eigenvectors, can one find the minimal

Paraboloid is spherical, no matter 
what point we start, always find the 

minimal

CG is to find the orthogonal directions in a stretched (scaled) space.



Conjugate Gradient Method

Pairs of vectors that are A-orthogonal, conjugate 

dT(i)Ad(j) = 0
<latexit sha1_base64="OwMbTRIsMWP+ETud3/erURbWBfk=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEdlOSKuhGqLpxWaEPoY1hMpm0YyeTMDMRSgj4K25cKOLW73Dn3zhts9DWA5d7OOde5s7xYkalsqxvo7C0vLK6VlwvbWxube+Yu3sdGSUCkzaOWCTuPCQJo5y0FVWM3MWCoNBjpOuNrid+95EISSPeUuOYOCEacBpQjJSWXPPAv09bmZtWaDW79HV/qGYXlmuWrZo1BVwkdk7KIEfTNb/6foSTkHCFGZKyZ1uxclIkFMWMZKV+IkmM8AgNSE9TjkIinXR6fgaPteLDIBK6uIJT9fdGikIpx6GnJ0OkhnLem4j/eb1EBedOSnmcKMLx7KEgYVBFcJIF9KkgWLGxJggLqm+FeIgEwkonVtIh2PNfXiSdes0+qdVvT8uNqzyOIjgER6ACbHAGGuAGNEEbYJCCZ/AK3own48V4Nz5mowUj39kHf2B8/gDdfpTE</latexit>



Pairs of vectors that are orthogonal Pairs of vectors that are A-orthogonal, conjugate 

Many steps to find the solution Only takes N-steps to find the solution



P = {P1, P2, · · · , Pn}
<latexit sha1_base64="KFpwOnbiE70NAfFe0O3AIHtVyN0=">AAACBnicbVBNS8MwGE7n15xfVY8iBIfgYYx2CnoRhl48VnCbsJaSpukWlqYlSYVRdvLiX/HiQRGv/gZv/hvTrQfdfCDhyfO8L2/eJ0gZlcqyvo3K0vLK6lp1vbaxubW9Y+7udWWSCUw6OGGJuA+QJIxy0lFUMXKfCoLigJFeMLou/N4DEZIm/E6NU+LFaMBpRDFSWvLNQ+fSzaHj2w19tRrQxWGiZPHg0J34Zt1qWlPARWKXpA5KOL755YYJzmLCFWZIyr5tpcrLkVAUMzKpuZkkKcIjNCB9TTmKifTy6RoTeKyVEEaJ0IcrOFV/d+QolnIcB7oyRmoo571C/M/rZyq68HLK00wRjmeDooxBlcAiExhSQbBiY00QFlT/FeIhEggrnVxNh2DPr7xIuq2mfdps3Z7V21dlHFVwAI7ACbDBOWiDG+CADsDgETyDV/BmPBkvxrvxMSutGGXPPvgD4/MHY4CWiQ==</latexit>

a set of n mutually conjugate vectors (with respect to A)

x⇤ =
nX

i=1

↵iPi

<latexit sha1_base64="Id9DN5N/vFLDefFS1rcmWrFNckU=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1UQFyWpgm4KRTcuK9gHNGmYTCft0MkkzEzEEvIDbvwVNy4UcevenX/jtM1CWw9cOJxzL/fe48eMSmVZ30ZhaXllda24XtrY3NreMXf3WjJKBCZNHLFIdHwkCaOcNBVVjHRiQVDoM9L2R9cTv31PhKQRv1PjmLghGnAaUIyUljzz6KGXnmawBh2ZhF5Ka3bWS3kGHcTiIfIobOjyzLJVsaaAi8TOSRnkaHjml9OPcBISrjBDUnZtK1ZuioSimJGs5CSSxAiP0IB0NeUoJNJNp99k8FgrfRhEQhdXcKr+nkhRKOU49HVniNRQznsT8T+vm6jg0k0pjxNFOJ4tChIGVQQn0cA+FQQrNtYEYUH1rRAPkUBY6QBLOgR7/uVF0qpW7LNK9fa8XL/K4yiCA3AIToANLkAd3IAGaAIMHsEzeAVvxpPxYrwbH7PWgpHP7IM/MD5/AOiRmtE=</latexit>

One can express the solution

Ax⇤ =
nX

i=1

↵iAPi

<latexit sha1_base64="u2lwLAWmluBQJd5gKPnVI2Vtmjc=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4sgLkpSBd0UWt24rGAf0KRhMp22QyeTMDMRS8jejb/ixoUibv0Bd/6N0zYLbT1w4XDOvdx7jx8xKpVlfRu5ldW19Y38ZmFre2d3z9w/aMkwFpg0cchC0fGRJIxy0lRUMdKJBEGBz0jbH19P/fY9EZKG/E5NIuIGaMjpgGKktOSZxfpDLzlNq46MAy+hVTvtJTx1EItGyKOw3vCoZ5assjUDXCZ2RkogQ8Mzv5x+iOOAcIUZkrJrW5FyEyQUxYykBSeWJEJ4jIakqylHAZFuMvslhcda6cNBKHRxBWfq74kEBVJOAl93BkiN5KI3Ff/zurEaXLoJ5VGsCMfzRYOYQRXCaTCwTwXBik00QVhQfSvEIyQQVjq+gg7BXnx5mbQqZfusXLk9L9Wusjjy4AgUwQmwwQWogRvQAE2AwSN4Bq/gzXgyXox342PemjOymUPwB8bnD5Q0mr8=</latexit>

PT
k Ax⇤ =

nX

i=1

↵iP
T
k APi

<latexit sha1_base64="teesVeTSzArplAsdykSpJPEV96Y=">AAACHXicbVDLSgMxFM34rPVVdekmWARxUWZqQTeFqhuXFfqCPoZMmmlDM5khyYglzI+48VfcuFDEhRvxb0zbAbX1QOBwzrnc3ONFjEpl21/W0vLK6tp6ZiO7ubW9s5vb22/IMBaY1HHIQtHykCSMclJXVDHSigRBgcdI0xtdT/zmHRGShrymxhHpBmjAqU8xUkZyc6VqT9cSV4+Sy/uePk3KHRkHrqZlJ+lpnnQQi4bIpfAnVnWpm8vbBXsKuEiclORBiqqb++j0QxwHhCvMkJRtx45UVyOhKGYkyXZiSSKER2hA2oZyFBDZ1dPrEnhslD70Q2EeV3Cq/p7QKJByHHgmGSA1lPPeRPzPa8fKv+hqyqNYEY5ni/yYQRXCSVWwTwXBio0NQVhQ81eIh0ggrEyhWVOCM3/yImkUC85ZoXhbyleu0joy4BAcgRPggHNQATegCuoAgwfwBF7Aq/VoPVtv1vssumSlMwfgD6zPb7kUous=</latexit>

8i 6= k
<latexit sha1_base64="rgDepFP1G99u7UaJA/8HDVvM3e8=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrspMFXRZdOOygn1AO5RMetuGZjJjkhFq6Ze4caGIWz/FnX9j2s5CWw8EDufcyz05YSK4Np737eTW1jc2t/LbhZ3dvf2ie3DY0HGqGNZZLGLVCqlGwSXWDTcCW4lCGoUCm+HoZuY3H1FpHst7M04wiOhA8j5n1Fip6xY7/VhRIQjvSHwgo65b8sreHGSV+BkpQYZa1/3q9GKWRigNE1Trtu8lJphQZTgTOC10Uo0JZSM6wLalkkaog8k8+JScWqVHbAL7pCFz9ffGhEZaj6PQTkbUDPWyNxP/89qp6V8FEy6T1KBki0P9VBATk1kLpMcVMiPGllCmuM1K2JAqyoztqmBL8Je/vEoalbJ/Xq7cXZSq11kdeTiGEzgDHy6hCrdQgzowSOEZXuHNeXJenHfnYzGac7KdI/gD5/MHRcCS1Q==</latexit>

PT
k APi = 0

<latexit sha1_base64="RrDtlru735QjIOrfe2pA1KOmn0Y=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmqoBuh6sZlhL6gjWEynbZDJw9mJkqJ+RQ3LhRx65e482+ctllo64ELh3Pu5d57/JgzqSzr2yisrK6tbxQ3S1vbO7t7Znm/JaNEENokEY9Ex8eSchbSpmKK004sKA58Ttv++Gbqtx+okCwKG2oSUzfAw5ANGMFKS55Zdu7TRual4+zK8Ri6RJZnVqyqNQNaJnZOKpDD8cyvXj8iSUBDRTiWsmtbsXJTLBQjnGalXiJpjMkYD2lX0xAHVLrp7PQMHWuljwaR0BUqNFN/T6Q4kHIS+LozwGokF72p+J/XTdTgwk1ZGCeKhmS+aJBwpCI0zQH1maBE8YkmmAimb0VkhAUmSqdV0iHYiy8vk1atap9Wa3dnlfp1HkcRDuEITsCGc6jDLTjQBAKP8Ayv8GY8GS/Gu/Exby0Y+cwB/IHx+QPngZMb</latexit>

↵k =
PT
k b

PT
k APk

<latexit sha1_base64="Emq8Jv4uUMroIqnqwMEcaXYeA/g=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCG0tSBd0IVTcuI/QGTQyT6aQdMrkwMxFKyFO48VXcuFDErbjzbZy0AbX1wAwf/38OM+f3EkaFNIwvbWFxaXlltbJWXd/Y3NrWd3Y7Ik45Jm0cs5j3PCQIoxFpSyoZ6SWcoNBjpOsF14XfvSdc0DhqyXFCnBANI+pTjKSSXP3YRiwZITeAF9D2OcKZdZe1cjcLci//4UuruHNXrxl1Y1JwHswSaqAsy9U/7UGM05BEEjMkRN80EulkiEuKGcmrdipIgnCAhqSvMEIhEU42WSuHh0oZQD/m6kQSTtTfExkKhRiHnuoMkRyJWa8Q//P6qfTPnYxGSSpJhKcP+SmDMoZFRnBAOcGSjRUgzKn6K8QjpMKRKsmqCsGcXXkeOo26eVJv3J7WmldlHBWwDw7AETDBGWiCG2CBNsDgATyBF/CqPWrP2pv2Pm1d0MqZPfCntI9vaN+gLw==</latexit>

Ax⇤ = b
<latexit sha1_base64="LwYESyYoTx4j9gaGOm5MmQUiWBA=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSKIh7JbBb0IVS8eK9gPbNeSTbNtaDZZkqxYlv4LLx4U8eq/8ea/MW33oK0PBh7vzTAzL4g508Z1v52FxaXlldXcWn59Y3Nru7CzW9cyUYTWiORSNQOsKWeC1gwznDZjRXEUcNoIBtdjv/FIlWZS3JlhTP0I9wQLGcHGSveXTw/p8QhdoKBTKLoldwI0T7yMFCFDtVP4anclSSIqDOFY65bnxsZPsTKMcDrKtxNNY0wGuEdblgocUe2nk4tH6NAqXRRKZUsYNFF/T6Q40noYBbYzwqavZ72x+J/XSkx47qdMxImhgkwXhQlHRqLx+6jLFCWGDy3BRDF7KyJ9rDAxNqS8DcGbfXme1Msl76RUvj0tVq6yOHKwDwdwBB6cQQVuoAo1ICDgGV7hzdHOi/PufExbF5xsZg/+wPn8AT3qj/o=</latexit>

r(0) = b�Ax(0)
<latexit sha1_base64="y/gC9Tk5uNVcoYC5QFy3CJNUnUs=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIdWGZqYJuhKoblxXsA9phyKSZNjTzIMmIdSj+ihsXirj1P9z5N6btLLT1wIWTc+4l9x4v5kwqy/o2cguLS8sr+dXC2vrG5pa5vdOQUSIIrZOIR6LlYUk5C2ldMcVpKxYUBx6nTW9wPfab91RIFoV3ahhTJ8C9kPmMYKUl19wTblqyjkboAnnHlw/Th2sWrbI1AZondkaKkKHmml+dbkSSgIaKcCxl27Zi5aRYKEY4HRU6iaQxJgPco21NQxxQ6aST7UfoUCtd5EdCV6jQRP09keJAymHg6c4Aq76c9cbif147Uf65k7IwThQNyfQjP+FIRWgcBeoyQYniQ00wEUzvikgfC0yUDqygQ7BnT54njUrZPilXbk+L1assjjzswwGUwIYzqMIN1KAOBB7hGV7hzXgyXox342PamjOymV34A+PzB5PXk14=</latexit>

if r(0) < ✏, return x(0)
<latexit sha1_base64="eXi49acnrzYmvy1dXyAvraI0o68=">AAACGHicbVDLSgNBEJyN7/ha9ehlMBEUJO5GQQ8egl48KhgTSEKYnfSaIbOzy0yvGJZ8hhd/xYsHRbzm5t84eRx8FTQUVd10dwWJFAY979PJzczOzS8sLuWXV1bX1t2NzVsTp5pDlccy1vWAGZBCQRUFSqgnGlgUSKgFvYuRX7sHbUSsbrCfQCtid0qEgjO0Uts9bCI8YCZCWtTtbM/bH5w1ITFCxqp4QDVgqhUtPkys4oC23YJX8sagf4k/JQUyxVXbHTY7MU8jUMglM6bhewm2MqZRcAmDfDM1kDDeY3fQsFSxCEwrGz82oLtW6dAw1rYU0rH6fSJjkTH9KLCdEcOu+e2NxP+8RorhaSsTKkkRFJ8sClNJMaajlGhHaOAo+5YwroW9lfIu04yjzTJvQ/B/v/yX3JZL/lGpfH1cqJxP41gk22SH7BGfnJAKuSRXpEo4eSTP5JW8OU/Oi/PufExac850Zov8gDP8Av/EnnU=</latexit>

P(0) = r(0)
<latexit sha1_base64="yPfBmzEt8RiwqX75bg5dN7uU1uQ=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEuilJFXQjFN24rGAf0IYwmU7aoZNJmJkINfRL3LhQxK2f4s6/cdpmoa0HLvdwzr3MnRMknCntON9WYW19Y3OruF3a2d3bL9sHh20Vp5LQFol5LLsBVpQzQVuaaU67iaQ4CjjtBOPbmd95pFKxWDzoSUK9CA8FCxnB2ki+XW76WdU5m17LRfftilNz5kCrxM1JBXI0ffurP4hJGlGhCcdK9Vwn0V6GpWaE02mpnyqaYDLGQ9ozVOCIKi+bHz5Fp0YZoDCWpoRGc/X3RoYjpSZRYCYjrEdq2ZuJ/3m9VIdXXsZEkmoqyOKhMOVIx2iWAhowSYnmE0MwkczcisgIS0y0yapkQnCXv7xK2vWae16r319UGjd5HEU4hhOogguX0IA7aEILCKTwDK/wZj1ZL9a79bEYLVj5zhH8gfX5A+lUkfQ=</latexit>

Repeat from k=0 ↵(k) =
rT(k)r(k)

PT
(k)AP(k)

<latexit sha1_base64="nRetY/eTUsaT2uTp++bxYEN4M00=">AAACJHicbZDLSsNAFIYnXmu9RV26CRahbkpSBQURqm5cRugNmhgm00k7dDIJMxOhhDyMG1/FjQsvuHDjszhtAmrrgWF+vv8cZs7vx5QIaZqf2sLi0vLKammtvL6xubWt7+y2RZRwhFsoohHv+lBgShhuSSIp7sYcw9CnuOOPrid+5x5zQSLWlOMYuyEcMBIQBKVCnn7uQBoPoZdWR0fZhRNwiFJ+lzaznPD8ylL7h13aBfT0ilkzp2XMC6sQFVCU7elvTj9CSYiZRBQK0bPMWLop5JIgirOykwgcQzSCA9xTksEQCzedLpkZh4r0jSDi6jBpTOnviRSGQoxDX3WGUA7FrDeB/3m9RAZnbkpYnEjMUP5QkFBDRsYkMaNPOEaSjpWAiBP1VwMNoQpKqlzLKgRrduV50a7XrONa/fak0rgq4iiBfXAAqsACp6ABboANWgCBB/AEXsCr9qg9a+/aR966oBUze+BPaV/f9Vak/A==</latexit>

x(k+1) = x(k) + ↵(k)P(k)
<latexit sha1_base64="4QE2i+nGkwzedtjPPwhKSY5olFU=">AAACEHicbVBNS8MwGE79nPOr6tFLcIgbg9FOQS/C0IvHCe4DtlLSLNvC0rQkqThKf4IX/4oXD4p49ejNf2PW9qCbD4Q8eZ735c37eCGjUlnWt7G0vLK6tl7YKG5ube/smnv7bRlEApMWDlgguh6ShFFOWooqRrqhIMj3GOl4k+uZ37knQtKA36lpSBwfjTgdUoyUllzz5MGNy5OqXUngJUx5Jan2EQvHKHs0s8s1S1bNSgEXiZ2TEsjRdM2v/iDAkU+4wgxJ2bOtUDkxEopiRpJiP5IkRHiCRqSnKUc+kU6cLpTAY60M4DAQ+nAFU/V3R4x8Kae+pyt9pMZy3puJ/3m9SA0vnJjyMFKE42zQMGJQBXCWDhxQQbBiU00QFlT/FeIxEggrnWFRh2DPr7xI2vWafVqr356VGld5HAVwCI5AGdjgHDTADWiCFsDgETyDV/BmPBkvxrvxkZUuGXnPAfgD4/MHuzObJw==</latexit>

if r(k+1) < ✏, return x(k+1)
<latexit sha1_base64="Uatga8Ct6CJeSoiZC2QHFMFi26w=">AAACG3icbVDLSgNBEJz1GeMr6tHLYCIoStiNgh48BL14jGCikIQwO+nVIbOzy0yvJCz5Dy/+ihcPingSPPg3Th6CRgsaiqpuurv8WAqDrvvpTE3PzM7NZxayi0vLK6u5tfWaiRLNocojGelrnxmQQkEVBUq4jjWw0Jdw5XfOBv7VHWgjInWJvRiaIbtRIhCcoZVauVIDoYupCGhBt9Kdzp632z9pQGyEjFRhn2rARCta6H6bhX4rl3eL7hD0L/HGJE/GqLRy7412xJMQFHLJjKl7bozNlGkUXEI/20gMxIx32A3ULVUsBNNMh7/16bZV2jSItC2FdKj+nEhZaEwv9G1nyPDWTHoD8T+vnmBw3EyFihMExUeLgkRSjOggKNoWGjjKniWMa2FvpfyWacbRxpm1IXiTL/8ltVLROyiWLg7z5dNxHBmySbbIDvHIESmTc1IhVcLJPXkkz+TFeXCenFfnbdQ65YxnNsgvOB9fOEmfoQ==</latexit>

�(k) =
rT(k+1)r(k+1)

rT(k)r(k)
<latexit sha1_base64="mbQqHkkSLo10tqREckviYlN3A6Y=">AAACJnicbZDLSsNAFIYnXmu9RV26GSxCi1CSKuimUHTjskJv0MQwmU7aoZMLMxOhhDyNG1/FjYuKiDsfxUkbUVt/GPj5zjmcOb8bMSqkYXxoK6tr6xubha3i9s7u3r5+cNgRYcwxaeOQhbznIkEYDUhbUslIL+IE+S4jXXd8k9W7D4QLGgYtOYmI7aNhQD2KkVTI0euWSyRykvK4ktYtjyOc8PuklWbkzKyk/NukPzynijl6yagaM8FlY+amBHI1HX1qDUIc+ySQmCEh+qYRSTtBXFLMSFq0YkEihMdoSPrKBsgnwk5mZ6bwVJEB9EKuXiDhjP6eSJAvxMR3VaeP5Egs1jL4X60fS+/KTmgQxZIEeL7IixmUIcwygwPKCZZsogzCnKq/QjxCKiupki2qEMzFk5dNp1Y1z6u1u4tS4zqPowCOwQkoAxNcgga4BU3QBhg8gmcwBa/ak/aivWnv89YVLZ85An+kfX4B1CmlYQ==</latexit>

P(k+1) = r(k+1) + �(k)P(k)
<latexit sha1_base64="EyRTEwuRl5JjsTL9sH7LpAhH7qk=">AAACD3icbVBNS8MwGE79nPOr6tFLcCgbg9FOQS/C0IvHCu4DtlLSLN3C0rQkqTBK/4EX/4oXD4p49erNf2O2VdDNB0KePM/78uZ9/JhRqSzry1haXlldWy9sFDe3tnd2zb39lowSgUkTRywSHR9JwignTUUVI51YEBT6jLT90fXEb98TIWnE79Q4Jm6IBpwGFCOlJc88cby0PKralexS/LBqzycKTV6VzJldnlmyatYUcJHYOSmBHI5nfvb6EU5CwhVmSMqubcXKTZFQFDOSFXuJJDHCIzQgXU05Col00+k+GTzWSh8GkdCHKzhVf3ekKJRyHPq6MkRqKOe9ifif101UcOGmlMeJIhzPBgUJgyqCk3BgnwqCFRtrgrCg+q8QD5FAWOkIizoEe37lRdKq1+zTWv32rNS4yuMogENwBMrABuegAW6AA5oAgwfwBF7Aq/FoPBtvxvusdMnIew7AHxgf38r3mqE=</latexit>

k = k + 1
<latexit sha1_base64="b/1rjkyNr+plu/CvQUKulZZJPAk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSIIQkmqoBeh6MVjBdMW2lA22027ZHcTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXphypo3rfjsrq2vrG5ulrfL2zu7efuXgsKWTTBHqk4QnqhNiTTmT1DfMcNpJFcUi5LQdxndTv/1ElWaJfDTjlAYCDyWLGMHGSn58E597/UrVrbkzoGXiFaQKBZr9yldvkJBMUGkIx1p3PTc1QY6VYYTTSbmXaZpiEuMh7VoqsaA6yGfHTtCpVQYoSpQtadBM/T2RY6H1WIS2U2Az0oveVPzP62Ymug5yJtPMUEnmi6KMI5Og6edowBQlho8twUQxeysiI6wwMTafsg3BW3x5mbTqNe+iVn+4rDZuizhKcAwncAYeXEED7qEJPhBg8Ayv8OZI58V5dz7mrStOMXMEf+B8/gD1AY4f</latexit>

Gram-Schmidt conjugation

Decompose a vector x* to a sum of 
A-orthogonal components 

<latexit sha1_base64="hBpVXiiWjPZcE+Bmh0OwwmWQpek="></latexit>

r(k+1) = b�Ax(k+1) = b�A
�
x(k) + ↵(k)P(k)

�
= r(k) � ↵(k)AP(k)



r(0) = b�Ax(0)
<latexit sha1_base64="y/gC9Tk5uNVcoYC5QFy3CJNUnUs=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIdWGZqYJuhKoblxXsA9phyKSZNjTzIMmIdSj+ihsXirj1P9z5N6btLLT1wIWTc+4l9x4v5kwqy/o2cguLS8sr+dXC2vrG5pa5vdOQUSIIrZOIR6LlYUk5C2ldMcVpKxYUBx6nTW9wPfab91RIFoV3ahhTJ8C9kPmMYKUl19wTblqyjkboAnnHlw/Th2sWrbI1AZondkaKkKHmml+dbkSSgIaKcCxl27Zi5aRYKEY4HRU6iaQxJgPco21NQxxQ6aST7UfoUCtd5EdCV6jQRP09keJAymHg6c4Aq76c9cbif147Uf65k7IwThQNyfQjP+FIRWgcBeoyQYniQ00wEUzvikgfC0yUDqygQ7BnT54njUrZPilXbk+L1assjjzswwGUwIYzqMIN1KAOBB7hGV7hzXgyXox342PamjOymV34A+PzB5PXk14=</latexit>

P(0) = r(0)
<latexit sha1_base64="yPfBmzEt8RiwqX75bg5dN7uU1uQ=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEuilJFXQjFN24rGAf0IYwmU7aoZNJmJkINfRL3LhQxK2f4s6/cdpmoa0HLvdwzr3MnRMknCntON9WYW19Y3OruF3a2d3bL9sHh20Vp5LQFol5LLsBVpQzQVuaaU67iaQ4CjjtBOPbmd95pFKxWDzoSUK9CA8FCxnB2ki+XW76WdU5m17LRfftilNz5kCrxM1JBXI0ffurP4hJGlGhCcdK9Vwn0V6GpWaE02mpnyqaYDLGQ9ozVOCIKi+bHz5Fp0YZoDCWpoRGc/X3RoYjpSZRYCYjrEdq2ZuJ/3m9VIdXXsZEkmoqyOKhMOVIx2iWAhowSYnmE0MwkczcisgIS0y0yapkQnCXv7xK2vWae16r319UGjd5HEU4hhOogguX0IA7aEILCKTwDK/wZj1ZL9a79bEYLVj5zhH8gfX5A+lUkfQ=</latexit>

Repeat from k=0

↵(k) =
rT(k)r(k)

PT
(k)AP(k)

<latexit sha1_base64="nRetY/eTUsaT2uTp++bxYEN4M00=">AAACJHicbZDLSsNAFIYnXmu9RV26CRahbkpSBQURqm5cRugNmhgm00k7dDIJMxOhhDyMG1/FjQsvuHDjszhtAmrrgWF+vv8cZs7vx5QIaZqf2sLi0vLKammtvL6xubWt7+y2RZRwhFsoohHv+lBgShhuSSIp7sYcw9CnuOOPrid+5x5zQSLWlOMYuyEcMBIQBKVCnn7uQBoPoZdWR0fZhRNwiFJ+lzaznPD8ylL7h13aBfT0ilkzp2XMC6sQFVCU7elvTj9CSYiZRBQK0bPMWLop5JIgirOykwgcQzSCA9xTksEQCzedLpkZh4r0jSDi6jBpTOnviRSGQoxDX3WGUA7FrDeB/3m9RAZnbkpYnEjMUP5QkFBDRsYkMaNPOEaSjpWAiBP1VwMNoQpKqlzLKgRrduV50a7XrONa/fak0rgq4iiBfXAAqsACp6ABboANWgCBB/AEXsCr9qg9a+/aR966oBUze+BPaV/f9Vak/A==</latexit>

x(k+1) = x(k) + ↵(k)P(k)
<latexit sha1_base64="4QE2i+nGkwzedtjPPwhKSY5olFU=">AAACEHicbVBNS8MwGE79nPOr6tFLcIgbg9FOQS/C0IvHCe4DtlLSLNvC0rQkqThKf4IX/4oXD4p49ejNf2PW9qCbD4Q8eZ735c37eCGjUlnWt7G0vLK6tl7YKG5ube/smnv7bRlEApMWDlgguh6ShFFOWooqRrqhIMj3GOl4k+uZ37knQtKA36lpSBwfjTgdUoyUllzz5MGNy5OqXUngJUx5Jan2EQvHKHs0s8s1S1bNSgEXiZ2TEsjRdM2v/iDAkU+4wgxJ2bOtUDkxEopiRpJiP5IkRHiCRqSnKUc+kU6cLpTAY60M4DAQ+nAFU/V3R4x8Kae+pyt9pMZy3puJ/3m9SA0vnJjyMFKE42zQMGJQBXCWDhxQQbBiU00QFlT/FeIxEggrnWFRh2DPr7xI2vWafVqr356VGld5HAVwCI5AGdjgHDTADWiCFsDgETyDV/BmPBkvxrvxkZUuGXnPAfgD4/MHuzObJw==</latexit>

r(k+1) = r(k) � ↵(k)AP(k)
<latexit sha1_base64="iX0OEJk8Ir+vDM/mB85nPIeMslI=">AAACE3icbZBNS8MwGMfT+TbnW9Wjl+AQpuJop6AXYerF4wT3AlspaZZuYWlaklQYZd/Bi1/FiwdFvHrx5rcxa3vQzQdCfvk/z8OT5+9FjEplWd9GYWFxaXmluFpaW9/Y3DK3d1oyjAUmTRyyUHQ8JAmjnDQVVYx0IkFQ4DHS9kY303z7gQhJQ36vxhFxAjTg1KcYKS255pFwk8ro2D6cwEuYsqYT2EMsGqLsedXIbtcsW1UrDTgPdg5lkEfDNb96/RDHAeEKMyRl17Yi5SRIKIoZmZR6sSQRwiM0IF2NHAVEOkm60wQeaKUP/VDowxVM1d8dCQqkHAeergyQGsrZ3FT8L9eNlX/hJJRHsSIcZ4P8mEEVwqlBsE8FwYqNNSAsqP4rxEMkEFbaxpI2wZ5deR5atap9Wq3dnZXr17kdRbAH9kEF2OAc1MEtaIAmwOARPINX8GY8GS/Gu/GRlRaMvGcX/Anj8wf7tpu8</latexit>

if r(k+1) < ✏, return x(k+1)
<latexit sha1_base64="Uatga8Ct6CJeSoiZC2QHFMFi26w=">AAACG3icbVDLSgNBEJz1GeMr6tHLYCIoStiNgh48BL14jGCikIQwO+nVIbOzy0yvJCz5Dy/+ihcPingSPPg3Th6CRgsaiqpuurv8WAqDrvvpTE3PzM7NZxayi0vLK6u5tfWaiRLNocojGelrnxmQQkEVBUq4jjWw0Jdw5XfOBv7VHWgjInWJvRiaIbtRIhCcoZVauVIDoYupCGhBt9Kdzp632z9pQGyEjFRhn2rARCta6H6bhX4rl3eL7hD0L/HGJE/GqLRy7412xJMQFHLJjKl7bozNlGkUXEI/20gMxIx32A3ULVUsBNNMh7/16bZV2jSItC2FdKj+nEhZaEwv9G1nyPDWTHoD8T+vnmBw3EyFihMExUeLgkRSjOggKNoWGjjKniWMa2FvpfyWacbRxpm1IXiTL/8ltVLROyiWLg7z5dNxHBmySbbIDvHIESmTc1IhVcLJPXkkz+TFeXCenFfnbdQ65YxnNsgvOB9fOEmfoQ==</latexit>

�(k) =
rT(k+1)r(k+1)

rT(k)r(k)
<latexit sha1_base64="mbQqHkkSLo10tqREckviYlN3A6Y=">AAACJnicbZDLSsNAFIYnXmu9RV26GSxCi1CSKuimUHTjskJv0MQwmU7aoZMLMxOhhDyNG1/FjYuKiDsfxUkbUVt/GPj5zjmcOb8bMSqkYXxoK6tr6xubha3i9s7u3r5+cNgRYcwxaeOQhbznIkEYDUhbUslIL+IE+S4jXXd8k9W7D4QLGgYtOYmI7aNhQD2KkVTI0euWSyRykvK4ktYtjyOc8PuklWbkzKyk/NukPzynijl6yagaM8FlY+amBHI1HX1qDUIc+ySQmCEh+qYRSTtBXFLMSFq0YkEihMdoSPrKBsgnwk5mZ6bwVJEB9EKuXiDhjP6eSJAvxMR3VaeP5Egs1jL4X60fS+/KTmgQxZIEeL7IixmUIcwygwPKCZZsogzCnKq/QjxCKiupki2qEMzFk5dNp1Y1z6u1u4tS4zqPowCOwQkoAxNcgga4BU3QBhg8gmcwBa/ak/aivWnv89YVLZ85An+kfX4B1CmlYQ==</latexit>

P(k+1) = r(k+1) + �(k)P(k)
<latexit sha1_base64="EyRTEwuRl5JjsTL9sH7LpAhH7qk=">AAACD3icbVBNS8MwGE79nPOr6tFLcCgbg9FOQS/C0IvHCu4DtlLSLN3C0rQkqTBK/4EX/4oXD4p49erNf2O2VdDNB0KePM/78uZ9/JhRqSzry1haXlldWy9sFDe3tnd2zb39lowSgUkTRywSHR9JwignTUUVI51YEBT6jLT90fXEb98TIWnE79Q4Jm6IBpwGFCOlJc88cby0PKralexS/LBqzycKTV6VzJldnlmyatYUcJHYOSmBHI5nfvb6EU5CwhVmSMqubcXKTZFQFDOSFXuJJDHCIzQgXU05Col00+k+GTzWSh8GkdCHKzhVf3ekKJRyHPq6MkRqKOe9ifif101UcOGmlMeJIhzPBgUJgyqCk3BgnwqCFRtrgrCg+q8QD5FAWOkIizoEe37lRdKq1+zTWv32rNS4yuMogENwBMrABuegAW6AA5oAgwfwBF7Aq/FoPBtvxvusdMnIew7AHxgf38r3mqE=</latexit>

k = k + 1
<latexit sha1_base64="b/1rjkyNr+plu/CvQUKulZZJPAk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSIIQkmqoBeh6MVjBdMW2lA22027ZHcTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXphypo3rfjsrq2vrG5ulrfL2zu7efuXgsKWTTBHqk4QnqhNiTTmT1DfMcNpJFcUi5LQdxndTv/1ElWaJfDTjlAYCDyWLGMHGSn58E597/UrVrbkzoGXiFaQKBZr9yldvkJBMUGkIx1p3PTc1QY6VYYTTSbmXaZpiEuMh7VoqsaA6yGfHTtCpVQYoSpQtadBM/T2RY6H1WIS2U2Az0oveVPzP62Ymug5yJtPMUEnmi6KMI5Og6edowBQlho8twUQxeysiI6wwMTafsg3BW3x5mbTqNe+iVn+4rDZuizhKcAwncAYeXEED7qEJPhBg8Ayv8OZI58V5dz7mrStOMXMEf+B8/gD1AY4f</latexit>

One example on the fly

r(k) and r(k+1) are orthogonal
<latexit sha1_base64="q57FNb0ci9W34lxVTRO8o90Byf4=">AAACGHicbVDLSgMxFM34rPVVdekmWAVFqDNV0GXRjcsKthXaUjLpbRuaSYbkjliGfoYbf8WNC0XcduffmD4Wvg4Ezj3nXm7uCWMpLPr+pzc3v7C4tJxZya6urW9s5ra2q1YnhkOFa6nNXcgsSKGgggIl3MUGWBRKqIX9q7FfuwdjhVa3OIihGbGuEh3BGTqplTtpIDxgum9a6WH/aLhPmWrTaXUcTGoDVBvs6a5WTA5bubxf8Cegf0kwI3kyQ7mVGzXamicRKOSSWVsP/BibKTMouIRhtpFYiBnvsy7UHVUsAttMJ4cN6YFT2rSjjXsK6UT9PpGyyNpBFLrOiGHP/vbG4n9ePcHORTMVKk4QFJ8u6iSSoqbjlGhbGOAoB44wboT7K+U9ZhhHl2XWhRD8PvkvqRYLwWmheHOWL13O4siQXbJHDklAzkmJXJMyqRBOHskzeSVv3pP34r17H9PWOW82s0N+wBt9AVoMnrw=</latexit>

P(k) and P(k+1) are A conjugate
<latexit sha1_base64="DmqKqDXrt2u2SD6tNRF50VHHbIQ=">AAACG3icbVDLSgNBEJz1GeMr6tHLYCIoQtiNgh6jXjxGMA9IQpiddJIxs7PLTK8YlvyHF3/FiwdFPAke/Bsnj4MaCwaqq7rp6fIjKQy67pczN7+wuLScWkmvrq1vbGa2tismjDWHMg9lqGs+MyCFgjIKlFCLNLDAl1D1+5cjv3oH2ohQ3eAggmbAukp0BGdopVam0EC4xyRXaiUH/cNhjjLVppPqyBvXGmjuPEd5qG7jLkMYtjJZN++OQWeJNyVZMkWplflotEMeB6CQS2ZM3XMjbCZMo+AShulGbCBivM+6ULdUsQBMMxnfNqT7VmnTTqjtU0jH6s+JhAXGDALfdgYMe+avNxL/8+oxds6aiVBRjKD4ZFEnlhRDOgqKtoUGjnJgCeNa2L9S3mOacbRxpm0I3t+TZ0mlkPeO84Xrk2zxYhpHiuySPXJAPHJKiuSKlEiZcPJAnsgLeXUenWfnzXmftM4505kd8gvO5zfBy57C</latexit>

N step converge
<latexit sha1_base64="o3WD0XeCbsxrGKErCi8XlcyVvWM=">AAACAXicbVC7SgNBFJ2NrxhfURvBZjARrMJuFLQM2lhJBPOAJITZyU0yZHZ2mbkrhiU2/oqNhSK2/oWdf+PkUWjigYHDOedy5x4/ksKg6347qaXlldW19HpmY3Nreye7u1c1Yaw5VHgoQ133mQEpFFRQoIR6pIEFvoSaP7ga+7V70EaE6g6HEbQC1lOiKzhDK7WzB02EB0zyN3lqECLKQ2XjPRi1szm34E5AF4k3IzkyQ7md/Wp2Qh4HoJBLZkzDcyNsJUyj4BJGmWZsIGJ8wHrQsFSxAEwrmVwwosdW6dBuqO1TSCfq74mEBcYMA98mA4Z9M++Nxf+8Rozdi1YiVBQjKD5d1I0lxZCO66AdoYGjHFrCuBb2r5T3mWYcbWkZW4I3f/IiqRYL3mmheHuWK13O6kiTQ3JETohHzkmJXJMyqRBOHskzeSVvzpPz4rw7H9NoypnN7JM/cD5/AAyMlqM=</latexit>






