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Conformal anomaly number (central charge)

Euler characteristic 

F = fb |A | + fsL −
1
6

cχ ln L + O(1)

Length of circumference 

Number of holes

Volume

χ = 1

torus / cylinder / annuls 

χ = 2
χ = 2 − 2g = 0

Eigenvalues of Dirichlet problem for Laplacian

Platonic solids: homeomorphic to sphere

χ = V − E + F = 2

Klein bottle / moebius

χ = 0

Mark Kac, Polish American 
mathematician  1914 - 1984

sphere / polyhedron

Projective plane / disc



SA(l) = al − s ln(
l
ϵ

) − γ + O(1/l)

d=1 CFT Heisenberg chain, Luttinger liquid DMRG

d=2 QCP Wilson-Fisher O(N), GNY QMC

SSB Antiferromagnet, Superfluid QMC

Topological order Z2 top ord, Kitaev QSL Toy model,          QMC

Fermi surface free fermion,  interaction ?      

S ∼ c ln(l)

S ∼ al − sC ln(l) − γ

S ∼ al − (sG + sC)ln(l) − γ

S ∼ al − γtop

S ∼ l ln(l) + al − ⋯

Corner, logSmooth boundary, no log

S = 2fs L −
1
6

c (χA + χB − χA∪B) ln(L) + O(1)

 Phys. Rev. Lett. 97, 050404 (2006)

central charge

Geometric properties of the partition

S = FA + FB − FA∪B
Sln = 0 Sln = −

1
4

c ln(L) Sln = −
1
9

c ln(L)



J. Stat. Mech. (2004) P06002

ρ = |Ψ⟩⟨Ψ |

ρA = TrB ρ

SA = − TrA ρA ln(ρA)

S(n)
A =

1
1 − n

ln(TrA(ρ(n)
A ))

“ discuss entropy in terms of the Euclidean path integral 
on an n-sheeted Riemann surface. ”

“ Qiu Ku is the           ”Z(2)
A

“ Renyi EE is the difference in free energy 
between partition functions 


with different trace topologies ” (in equilibrium)

S(2)
A = − ln(TrA(ρ(2)

A )) = − ln(
Z(2)

A

Z2
∅

) = β(F(Z(2)
A ) − F(Z(2)

∅ ))

 Hastings, González, Kallin, Melko, PRL 104, 157201 (2010).

 Isakov, Hastings, Melko, Nat. Phys. 7, 772 (2011).

 Humeniuk, Roscilde, PRB 86, 235116 (2012).

 Kallin, Stoudenmire, Fendley, Singh, Melko, J. Stat. Mech. 
(2014) P06009

 Helmes and Wessel, PRB 89, 245120 (2014).

 Kulchytskyy, Herdman, Inglis, Melko, PRB 92, 115146 (2015).

 ……  

 Grover, PRL 111, 130402 (2013).

 Assaad, Lang, Toldin, PRB 89, 125121 (2014).

 Broecker, Trebst, PRB 94, 075144 (2016).

 ……  



Entanglement entropy with incremental (Qiu Ku) method 

e−S(2)
A =

Z(1)
Z(0)

:=
Z(λ1)
Z(0)

Z(λ2)
Z(λ1)

⋯
Z(λk)

Z(λk−1)
⋯

Z(1)
Z(λNλ−1)

S(2)
A = − ln(TrA(ρ2

A)) = − ln(
Z(2)

A

Z(2)
∅

) = β(F(Z(2)
A ) − F(Z(2)

∅ ))
 V. Alba, PRE 95, 062132 (2017)

 J. D’Emidio, PRL 124, 110602 (2020) 

 J. Zhao, …, M. Cheng, ZYM, PRL 128, 010601 (2022)

 J. Zhao, …, M. Cheng, ZYM, npj Quantum Materials 7, 69 (2022)

 G. Pan, Y. D. Liao, J. D’Emidio, ZYM, PRB 108, L081123 (2023) 

 J. D’Emidio, et al., PRL 132, 076502 (2024) 

 Y.D. Liao, G.Pan, W. Jiang, Y. Qi, ZYM, arXiv:2302.11742

−ln= = − ∫
1

0
dλ

∂ ln Z(λ)
∂λ

= − ∑
k=1,2,⋯,Nλ

∫
kΔ

(k−1)Δ
dλ

∂ ln Z(λk)
∂λ

−ln( ⟨e−βW (2)
A ⟩ ) − ∑

k=1,2,⋯,Nλ

ln( ⟨e−βW (2)
k, A⟩ )

Z(λ = 0) = Z(2)
∅ Z(λ = 1) = Z(2)

A



S(2)
A = − ln(TrA(ρ(2)

A )) = − ln(
Z(λ = 1)
Z(λ = 0)

) = −ln(
∑s1,s2

Ps1
Ps2

Tr(ρA,s1
ρA,s2

)

∑s1,s2
Ps1

Ps2

)

= − ∫
1

0
dλ

∂ ln(Z(λ))
∂λ

= − ∫
1

0
dλ

∑s1,s2
Ps1

Ps2
(Tr(ρA,s1

ρA,s2
))λ ln(Tr(ρA,s1

ρA,s2
))

∑s1,s2
Ps1

Ps2
(Tr(ρA,s1

ρA,s2
))λ

Z(λ) = ∑
s1,s2

Ps1
Ps2

(Tr(ρA,s1
ρA,s2

))λ

daλ

dλ
=

deλ ln(a)

dλ
= aλ ln(a)

= − ⟨ln(Tr(ρA,s1
ρA,s2

))⟩s1,s2,λ

arXiv:2307.10602

Convert  
exponential complexity 

to 

polynomial complexity 

Entanglement partition function 

CV [x] =
SD[x]
E[x]

= eσ2 − 1U/t = 10, L = 8

PRB 109, 205147  (2024)



CV =
σswap

μswap
= eσ2 − 1

S(n)
A = −

1
n − 1

ln(Tr(ρn
A)) = −

1
n − 1 ∫

1

o
dλ

∑ Pn
s Tr(ρn

A,s)λ ln(Tr(ρn
A,s))

∑ Pn
s Tr(ρn

A,s)λ
= −

1
n − 1

⟨ln(Tr(ρn
A,s))⟩s1,s2,⋯,sn,λ

F = −
1
β

ln(Z ) = −
1
β ∫

1

0
dλ

∑ Pλ
s ln(Ps)
∑ Pλ

s
= −

1
β

⟨ln(Ps)⟩s,λ

PRB 109, 165106  (2024)

AF Heisenberg 10x10

PRB 109, 205147  (2024)



Square lattice Heisenberg model

S(2)
A (l) = 0.092(1)l + 1.0(1)ln(l) − 1.63(3)

s = −
NG

2

Spontaneous symmetry breaking phases: smooth boundary 

H = J∑
⟨i, j⟩

Si ⋅ Sj

Metlitski & Grover, arXiv:1112.5166

 J. Zhao, B.-B Chen, Y.-C. Wang, Z. Yan, M. Cheng, ZYM, npj Quantum Materials 7, 69 (2022)

 M. Song, J. Zhao, ZYM, C. Xu, M. Cheng, SciPost Phys. 17, 010 (2024)

A A

l ∈ [40, 160]

S(2)
A (l)

l
= s

ln(1/l)
l

+
c
l

+ a

S(2)
A (l) = al − s ln(l) + cSmooth boundary

Subtracted EE

Ss(l) = SA(2l) − 2SA(l)

Ss(l) = s ln(l) − c

d2y
dx2

=
s
x

s < 0

concave



(2+1)d O(3) quantum critical points: smooth & corner

H = J∑
⟨i, j⟩

(Si,1 ⋅ Sj,1 + Si,2 ⋅ Si,2) + J⊥ ∑
i

Si,1 ⋅ Si,2

 A. Kallin, et. al, J. Stat. Mech. P06009 (2014)

 J. Helmes, S. Wessel, Phys. Rev. B 89, 245120 (2014)

Subtracted EE
Ss(l) = SA(2l) − 2SA(l)

Ss(l) = s ln(l) − c

Ss(l) = −
3b
2l

− c

sC = 0.07(2)

S(2)
A (l)

l
= a +

c
l

S(2)
A (l)

l
= a − s

ln l
l

+
c
l

+
b
l2

1
l

finite size correction

s > 0 convex

 J. Zhao, B.-B Chen, Y.-C. Wang, Z. Yan, M. Cheng, ZYM, npj Quantum Materials 7, 69 (2022)

 M. Song, J. Zhao, ZYM, C. Xu, M. Cheng, SciPost Phys. 17, 010 (2024)



Deconfined quantum critical points: Smooth boundary 

 M. Song, J. Zhao, ZYM, C. Xu, M. Cheng, SciPost Phys. 17, 010 (2024)

JQ3 model: H = − J∑
⟨i, j⟩

Pi, j − Q ∑
⟨ijklmn⟩

PijPklPmn

JQ2 model: H = − J∑
⟨i, j⟩

Pi, j − Q ∑
⟨ijkl⟩

PijPkl

S(2)
A (l)

l
= a − s

ln l
l

+
c
l

S(2)
A (l)

l
= a +

c
l

finite size correction+
b
l2

1
l

Subtracted EE

Ss(l) = SA(2l) − 2SA(l)

−s > 0 Not a CFT, behave like Goldstone mode.

s < 0 concave Ss(l) = s ln(l) − c

Ss(l) = −
3b
2l

− c



Deconfined quantum critical points: Smooth boundary 

 M. Song, J. Zhao, ZYM, C. Xu, M. Cheng, SciPost Phys. 17, 010 (2024)

JQ3 model: H = − J∑
⟨i, j⟩

Pi, j − Q ∑
⟨ijklmn⟩

PijPklPmn

JQ2 model: H = − J∑
⟨i, j⟩

Pi, j − Q ∑
⟨ijkl⟩

PijPkl

s < 0 concave

−s > 0 Not a CFT, behave like Goldstone mode.

ρs(L) = ρs +
u
L

+ ⋯ I(L) = I +
ν
L

+ ⋯ when L ≫
u
ρs

,
ν
I

ρs(L)L ∼ I(L)L ∼ Lx with x ≠ 1



 arXiv: 2307.02547

Kaul, Sandvik, PRL 108, 137201 (2012) 

Block, Melko, Kaul, PRL 111, 137202 (2013)
S(2)

A = al − s ln(l) + c

H = −
J1

N ∑
⟨ij⟩

Pij −
J2

N ∑
⟨⟨ij⟩⟩

Πij −
Q
N ∑

⟨ij⟩,⟨kl⟩

PijPkl

Pij SU(N) singlet projection

Πij |αβ⟩ = |βα⟩ SU(N) permutation with the 
same rep

https://arxiv.org/abs/2307.02547
https://arxiv.org/abs/2307.02547


H = −
J1

N ∑
⟨ij⟩

Pij −
J2

N ∑
⟨⟨ij⟩⟩

Πij −
Q
N ∑

⟨ij⟩,⟨kl⟩

PijPkl

Pij SU(N) singlet projection

Πij |αβ⟩ = |βα⟩ SU(N) permutation with the 
same rep

S(2)
A = al − sC ln(l) + c

 arXiv: 2307.02547

https://arxiv.org/abs/2307.02547
https://arxiv.org/abs/2307.02547


S(2)
A = al − s ln(l) + c

Goldstone mode 

Walking

Near-marginal renormalisation group flow on the entanglement cut 
(unlikely due to defect renormalization group flows)

 arXiv: 2307.02547

https://arxiv.org/abs/2307.02547
https://arxiv.org/abs/2307.02547


Ss = − ln(
ZA1

ZA2

) = − ∫
1

0
dλ

∂ ln(Z(λ))
∂λ

= − ∫
1

0
dλ

∑s,s′￼PsPs′￼ (Tr(ρA1,sρA1,s′￼))λ(Tr(ρA2,sρA2,s′￼))1−λ {ln(Tr(ρA1,sρA1,s′￼)) − ln(Tr(ρA2,sρA2,s′￼))}

∑s,s′￼PsPs′￼ (Tr(ρA1,sρA1,s))λ(Tr(ρA2,sρA2,s))1−λ

Z(λ) = ∑
s,s′￼

PsPs′￼ (Tr(ρA1,sρA1,s))
λ(Tr(ρA2,sρA2,s))

1−λ

 arXiv: 2404.13876

https://arxiv.org/abs/2404.13876
https://arxiv.org/abs/2404.13876


 PRL 132, 246503 (2024)

H =
1
2 ∫ dΩ{U0[ψ†(Ω)ψ(Ω) − 2]2 −

5

∑
i=1

ui[ψ†(Ω)Γiψ(Ω)]2}

Γi = {τx ⊗ 𝕀, τy ⊗ 𝕀, τz ⊗ σx, τz ⊗ σy, τz ⊗ σz}

ψ(Ω) =
s

∑
m=−s

Φm(Ω)cm Φm(Ω) ∝ eimϕ coss+m(
θ
2

)sins−m(
θ
2

)

Projected to the LLL with degeneracy N = 2s + 1

ψτσ(Ω)

4πsmagnet monople inside a sphere 
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 M. Ippoliti, R. Mong, F. Assaad, M. Zaletel, PRB 98, 235108 (2018)

 Z. Wang, M. Zaletel, R. Mong, F. Assaad, PRL 126, 045701 (2021)

 Z. Zhou, L. Hu, W. Zhu, and Y.-C. He, PRX 14, 021044 (2024) 



U0 = 1, u1 = u2 = uK, u3 = u4 = u5 = uN

⟨Oi⟩ = ∫ dΩψ†(Ω)Γiψ (Ω) =
s

∑
m=−s

c†
mΓicm

m2
Neel =

1
3N2

⟨(O2
3 + O2

4 + O2
5)⟩m2

VBS =
1

2N2
⟨(O2

1 + O2
2)⟩
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 PRL 132, 246503 (2024)



U0 = 1, u1 = u2 = uK, u3 = u4 = u5 = uN

⟨Oi⟩ = ∫ dΩψ†(Ω)Γiψ(Ω) =
s
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SA(l) = al − s ln(
l
ϵ

) − γ + O(1/l)

d=1 CFT Heisenberg chain, Luttinger liquid DMRG

d=2 QCP Wilson-Fisher O(N), GNY QMC

SSB Antiferromagnet, Superfluid QMC

Topological order Z2 top ord, Kitaev QSL QMC

Fermi surface free fermion,  interaction ?      

S ∼ c ln(l)

S ∼ al − sC ln(l) − γ

S ∼ al − (sG + sC)ln(l) − γ

S ∼ al − γtop

S ∼ l ln(l) + al − ⋯

Corner, logSmooth boundary, no log
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Integer and Fractional Quantum Anomalous Hall Effects

 H. Park et al., Observation of fractionally quantized anomalous Hall effect, Nature 622, 74 (2023)

 J. Cai et al., Signatures of fractional quantum anomalous Hall states in twisted MoTe2, Nature 622, 63 (2023)

 Y. Zeng et al., Thermodynamic evidence of fractional Chern insulator in moiré MoTe2, Nature 622, 69 (2023)

 K. Kang et al., Evidence of the fractional quantum spin Hall effect in moiré MoTe2, Nature 628, 522 (2024)

 Z. Lu et al., Fractional quantum anomalous Hall effect in multilayer Graphene, Nature 626, 759 (2024)

 Z. Lu et al., Extended Quantum Anomalous Hall States in Graphene/hBN moiré superlattices, arXiv:2408.10203

……

twisted bilayer MoTe2 rhombohedral pentalayer graphene/hBN

difference in temperature/energy scales

energy gap ~ 20  K

FQAH ~ 0.4 K

FQAH - QAH 0.04 K

FQAH - QAH - CDW - FL transitions



arXiv:2408.07111



H0 = − t∑
⟨i, j⟩

eiϕij(c†
i cj + h . c.) − ∑

⟨⟨i, j⟩⟩

t′￼ij(c†
i cj + h . c.) − t′￼′￼ ∑

⟨⟨⟨i, j⟩⟩⟩

(c†
i cj + h . c.)

H = H0 + HI

t = 1 t′￼= ± 1

2 + 2
t′￼′￼= −

1

2 + 2 2
ϕij =

π
4

HI = V1 ∑
⟨i, j⟩

ninj + V2 ∑
⟨⟨i, j⟩⟩

ninj + V3 ∑
⟨⟨⟨i, j⟩⟩⟩

ninj + μ∑
i

ni

Δ ∼ 2

W ∼ 0.1

C = − 1

C = 1

V1 = V2 = V3 = 0

Consider filling factor of the flat band 

ν =
2
3

and consider the NNN interaction V3

Hongyu Lu et al., Rep. Prog. Phys. 87 (2024) 108003



 Nature 393, 550 (1998)

FL         — Fermi liquid 

FQAHS — Fractional quantum anomalous Hall smectic state 

PSM     — Polar smectic metal

Intertwinement of topological order and Landau order



δA/B
smectic =

1
N ∑

i

(−1)xi nA/B
i i unit cell

Charge pumping

σxy =
2
3

e2

h

SA/B(q) = ∑
i

e−iq⋅(ri−r0)(⟨nA/B
0 nA/B

i ⟩ − ⟨nA/B
0 ⟩⟨nA/B

i ⟩)

Hongyu Lu et al., Rep. Prog. Phys. 87 (2024) 108003

6-fold degeneracy 

Charge-neutral magnetoroton



Magnetoroton
T

T * Tc

Smectic order

SA/B(q) = ∑
i

e−iq⋅(ri−r0)(⟨nA/B
0 nA/B

i ⟩ − ⟨nA/B
0 ⟩⟨nA/B

i ⟩)

δA/B
smectic =

1
N ∑

i

(−1)xi nA/B
i

V3 = 1

Tcg ∼ Δcg ∼ 0.15

Hongyu Lu et al., Rep. Prog. Phys. 87 (2024) 108003

 Hongyu Lu et al., PRL 132, 236502 (2024)

Roton gap determines the 
onset temperature of FCI 



 Hongyu Lu et al., arXiv:2404.06745

V3

V1/V2

FQ
AH

C =
2
3

C =
2
3



 Nature 393, 550 (1998)

 Emery, Fradkin, Kivelson, Lubensky, PRL 85, 2160 (2000)

Hongyu Lu et al., Rep. Prog. Phys. 87 (2024) 108003

Coupled Luttinger liquid (non-Fermi liquid) 

No magnetoroton



?

More questions:

1. Different fractional fillings of correlated flat bands

2. Different lattice geometries 

3. Different excitations: magnetoroton, geometric graviton

4. Different techniques: ED, DMRG, Tensor, QMC

5. Different experiments: transport, STM, thermal measurements

6. Different communities: FQH, Stripe, FCI, Intertwinement, Vestigial

7. ……

Interaction/Band
Fil

lin
g

Tem
perature

FQ
AH



arXiv:2408.07111



H0 = − t∑
⟨i, j⟩

eiϕij(b†
i bj + h . c.) − ∑

⟨⟨i, j⟩⟩

t′￼ij(b†
i bj + h . c.) − t′￼′￼ ∑

⟨⟨⟨i, j⟩⟩⟩

(b†
i bj + h . c.)

H = H0 + HI

t = 1 t′￼= ± 1

2 + 2
t′￼′￼= −

1

2 + 2 2
ϕij =

π
4

HI = V1 ∑
⟨i, j⟩

ninj + V2 ∑
⟨⟨i, j⟩⟩

ninj

Hard-core boson and Consider filling factor of the flat band ν = 1/2

Hongyu Lu et al., arXiv:2408.07111
Δ ∼ 2

W ∼ 0.1

C = − 1

C = 1

Bosonic FCI at  limit V1 = V2 = 0

 Y.-F. Wang, …, and D. N. Sheng, PRL 107, 146803 (2011)

0 V1/2

FCI ? ?

T



Hongyu Lu et al., arXiv:2408.07111(V1 = 1)

Boson FCI

Sα(q) =
1
N ∑

i, j

e−iq⋅ri, j(⟨ni,αnj,α⟩ − ⟨ni,α⟩⟨nj,α⟩)

Magnetoroton at (π, π)



Hongyu Lu et al., arXiv:2408.07111(V1 = 1)

n(k) =
1
2 ∑

α=A,B

nα(k) =
1
N ∑

i, j

e−ik⋅ri, j⟨b†
i,αbj,α⟩

Sα(q) =
1
N ∑

i, j

e−iq⋅ri, j(⟨ni,αnj,α⟩ − ⟨ni,α⟩⟨nj,α⟩)

Gapless boson density wave Supersolid



Hongyu Lu et al., arXiv:2408.07111(V1 = 1)

Gapless boson density wave



Hongyu Lu et al., arXiv:2408.07111(V1 = 1)

Gapless boson density wave Supersolid

⟨b±( π
2 , π

2 )⟩

⟨ρ(π,π) ∝ b†
( π

2 , π
2 )b−( π

2 , π
2 )⟩⟨ρ(π,π) ∝ b†

( π
2 , π

2 )b−( π
2 , π

2 )⟩

Vestigial / pair density wave transition 

FCI

Roton softening 

Topological order

“Bose metal”

0 V1/2

FCI GBDW SS

T
?



Hongyu Lu et al., arXiv:2408.07111
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Hard-core boson and Consider filling factor of the flat band ν = 1/2

Bosonic FCI at  limit V1 = V2 = 0
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More questions:

1. Different fractional fillings of correlated flat bands

2. Different lattice geometries 

3. Different excitations: magnetoroton, geometric graviton

4. Different techniques: ED, DMRG, Tensor, QMC

5. Different experiments: transport, STM, thermal measurements

6. Different communities: FQH, Stripe, FCI, Intertwinement, Vestigial

7. ……
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