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0. Introduction

1. Differential equations
1.1 Classical equation of motion (classical mechanics, pendulum)
1.2 Partial differential equation relaxation methods (electromagnetism, diffusion)
1.3 Partial differential equation in space-time (traffic flow, tsunami)

2. Eigenvalue problem
2.1 Schrodinger equation and Hamiltonian (Harmonic oscillator, wave package)
2.2 Quantum lattice model and Hibert space (Heisenberg model)
2.3 Exact diagonalization of spin chain (Spin wave, Haldane conjecture, topology)
2.4 Matrix product state and density matrix renormalization group (DMRG)



Content

3. Statistical and many-body physics
3.1 Classical Monte Carlo and phase transitions (Ising model and critical phenomena)
3.2 Quantum Monte Carlo methods (Path-integral and cluster update)

4. Machine learning in physics and High performance computation
4.1 Al in quantum physics
4.2 HPC and parallelism
4.3 ...
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Basis of the Hilbert space
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Block-diagonalization SZ — Z SZ [H, SIZOI] = (0 different blocks are not connected by H
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Hilbert space size

Dimensionality of the Hilbert space d = dim(H) =2V
Computation complexity for diagonalising d X d matrix O(d>) = O(23M)
N=10 dim=1,024 ~ 10’
N=20 dim=1,048576 ~ 10°
N =30 dim=1,073,741,824 ~ 10°
N=40 dim=1,099,511,627,776 ~ 10'*

¢ Lead to the “exponential wall”

right now

N=50 dim=1,125,899,906,842,624 ~ 10

Wheat grains on chessboard — Sessa, ancient Indian Minister

264 - 1 =18,446,744,073,709,551,615 grains of wheat, weighing about 1,199,000,000,000 tons.
About 1,645 times the global production of wheat.

Solving exponentially complex problem in polynomial time



State Representation

|85, -+, 8%) 2NV states, use the bit representation H;,=(i|H|j) i,j=01,-2"-1

|O> = | l . l s *c, l \ l , l ) (OO"-OOO) Exclusive or: true if arguments differ

XOR '
IY=]!,0,~,0.,01,7) (00---001) | OR operation
= _).- _). = —_ + . - + Q<
|2>=|*L9~L9°"9l9T9~L> (00“'010) H_]% Sl S] J%(Z(SZSJ +SlS])+SZSJ)
|3> =|l, !, 1,1T.1 ) (00---011) Construct the Hamiltonian matrix by
examining and flipping the bits.

do a=0,2V-1
do i=0,N-1
j=mod(i+ 1, N)
If (a[i] = = alj]) then
H(a,a) = H(a,a) + %
else |
H(a,a) = H(a,a) — 2

b = XOR(a,i,j) H(a,b) = H(a,b) + 1

end if 2
end do

end do

Use numpy.linalg.eig in Python.



Measurement

N
Total magnetisation m, = Z Sz [/ is the matrix whose columns are eigenvectors of [
l
i=1

U(i,n) = vec(i,n) iith component of the eigenvector n

2N 2N 2N 2N
Meigen = P i1y (nlmln) = ) ¢(ilm|i) = ) pXilm,liy = ) ¢Pm (i)
i=1 i,j=1 i i
Expectation value of operator A In the n-th eigenstate <I’l |A | n) = [UTA U]nn

m, commute with H , share the same eigenstates |n) Si, = E(HT —ny) ng=N-—n,

Discuss the ground state wave function of Heisenberg chain and 2d square lattice

Hamiltonian matrix is block-diagonalised

N N=40 dim=1,099,511,627,776 ~ 10'?
40!
(NI2)I(NT2)! In the m_, = 0 sector, dimension of the subspace ~ 138 x 10°
20120!
Use symmetries to further split the blocks:
* Blocks correspond to fixed values of 11, H R
 No H matrix elements between states of different 771,

e Blocks can be diagonalised individually




Hamiltonian matrix is block-diagonalised

N'! N =40 dim =1,099,511,627,776 ~ 10'* 40! ~ 138 x 10°
(NI2DINID! 1 the m, = 0 sector, dimension of the subspace 20120
s; =3 (0011)
H N=dn =2 M=i=6 s, =5(0101)
2121 s; =6 (0110)
s, =9 (1001)

Store the state-integers in list with n, 5,,a = 1,2,---,M Hamiltonian construction

ss = 10 (1010)

do s=0,2"-1 do a=0,M~1 sg = 12 (1100)

do i =0,N-1

if(ZS[l]znT)thena=Cl+1, S, =9 ]=m0d(l+1,N)

end lif

if (s,[i] ==s,[j]) then
end do o Y 1
M=a (Cl,a)— (aaa)_l_z
else )
each block isa M X M matrix H(a.a) = H(a,a) - 4
b = XOR(a,1i,)) |
Find the location b as a state in the list 5, < findstate (s,») H(a,b) = H(a,b) + 5
_ Full diag: 2m25s  Measurement mz: 2m25s end if

Block diag: 4s !! end do



Hamiltonian matrix is block-diagonalised

Using momentum as an example (for translationally invariant systems)

Other symmetries (conserved quantum numbers):
H — — — ¢ further split the blocks
e construct basis states that obey the symmetries

. 27
T|n) = e’kln) k = mW, m=0,1,-- N—1 translate the state by one lattice spacing

In spin basis T|sf, 85, 85) = | Sy $7>ssy_)  [TLH] =0
Use eigenstates of T with given k as basis in each block

a momentum state can be constructed from representative state as

1 &
—ik
|a(k)) =—N 26 T a), la)=1s,85,,85)
\/ a r=0
construct ordered list of representatives
If |a> and |b> are representatives, then

Representative is the one with smallest integer

(0011) — (0110), (1100), (1001)
(0101) — (1010)

T"\a) # |b) re {12, N—1)




1 = )
|a(k)> — _N Z e_lkrTr|a>, |Cl> = |S1Z, Sé, m,Sﬁ,) k = mﬁﬂ, m = 0,1,...,]\]_ 1

a r=0
T®|a) = |a) forsome R <N

N
kR = n2n m=nE—> mod (m, N/R) =0

1 N N?
Normalization of a state with periodicity R_a (a(k)|a(k)) = — X R, X (—)Y=1-> N, =—
Na Rd RCl
Find all allowed representatives and their periodicities
(a17a27 a39 '"9aM) Ra
do s=0,2"-1
checkstate(s, R) » ¢ R =periodicity if integer s is a new representative
_ e R=-11if
if(R>0)thena=a+1; 5,=5;R, =R e the magnetization is not the one considered
end if e some translation of |s> gives an integer < s
* |s> is not compatible with the momentum
end do
M=a

each block is a M X M matrix



Translations of the representative; cyclic permutation

) checkstate(s, R)

r T
R=-1

0 27 [OTOTOTITI[0[1]1 _ | o
1 54 [oJOT1Ti]o]11]0 if (ZS[Z] # n,) return —>  check the magnetisation
%) 108 [oT1T1ToT1T1]oTJ0 i
3 | 216 [ATITOTITIT0T0T0 r=s
4 177 [TToTT]1]ololol1 doi=1,N
Z IZZ (1) i (1) 8 8 (1) i (1) t = cyclebits(r, N) — Cyclic permutations of integer t
7 | 141 [I[0Jololi[ilo1 if (r < s) then

return
else if (r = s) then
If (imod(k, N/i) # 0) return

R =i ' return check momentum compatibility:
’ m is the integer index of momentum k
end if

27
momentum=4t— k=0,1,--- N—1
end do N

check if the translated state has lower integer representation
The representative is the smallest integer among all translations



momentum state
Z S:8i T S+SJ T+ STSED Z
la(k)) = —— KT a), |a)y = st %,
HO HJ V Cl r=0

act with H on a momentum state .
Hila) = h,T™7|b))

1 N—-1 . 1 N-1 N _'k
Hlak)y=—=) e " T"H|a) = — KT H | a) 1 ,
V Na r=0 V Na r=0 j Elbj> — TJI{]|a>

N :
h’ / .
_ Z a e zkrT(r—l) | b> — 2 h] —lkl —zkrTrlbj>
iz VNa 150 ,/Nb r=0

1b,(K))

Finding the representative r of a state-integers |r) = T! | s)

Lowest integer among all translations Matrix elements
representative (s, r,/) N

(a(k)| Hy| a(k)) = Z S35,

r=s,t=s;,1=0

<
N

doi=1,N-1
_ —zkl — kl
t = cyclebits(z, N) bj(k) | Hjl atk)) = e V V Rb

f(<r)thenr=1r [=iendif

2
k=m—,m=0,1,--,N—1 Na:—
end do m v m -

a



Hamiltonian construction
do a=0 M-1
do i=0,N-1
j=mod(i+ 1, N)
if (s,[i] = = 5,[j]) then

1
H(a,a) = H(a,a) + 2
else )
H(a,a) = H(a,a) — 2

s = flip(s,, i, j)
representative (s, 7, /)
findstate (7, b)

if (b > 0) then

1 |R .
H(Cl, b) — H(a, b) 4+ — _ae—lzﬂkl/N
2\ R,
end if

end if
end do Block diag Mz: impossible
end do

Full diag: impossible

16 site PBC Block diag k: 19 m 42 s !l
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Excitations in Heisenberg chain
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¢ Lake, Tennant, Frost and Nagler, Nature Materials 4, 329 (2005) ¢ Kenzelmann, Cowley, Buyers, Tun, Coldea, Enderle,
Phys. Rev. B 66, 024407 (2002)



https://www.nobelprize.org/uploads/2018/06/advanced-physicsprize2016.pdf

The wormhole effect on the path integral of reduced density matrix — Unlock the mystery of

energy spectrum and entanglement spectrum



https://www.nobelprize.org/uploads/2018/06/advanced-physicsprize2016.pdf
https://www.nobelprize.org/uploads/2018/06/advanced-physicsprize2016.pdf
https://mp.weixin.qq.com/s/zxZu9h0OyG4VIeq7RV5xDg
https://mp.weixin.qq.com/s/zxZu9h0OyG4VIeq7RV5xDg
https://arxiv.org/abs/2112.05886
https://arxiv.org/abs/2112.05886
https://arxiv.org/abs/2112.05886
https://arxiv.org/abs/2112.05886

