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https://www.youtube.com/watch?v=Xj9PdeY64rA


Animating Schrödinger's Equation

Schrödinger equation
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ℏ ψ( ⃗x )

https://en.wikipedia.org/wiki/Particle_in_a_boxParticle in a box 

https://en.wikipedia.org/wiki/Quantum_harmonic_oscillatorQuantum harmonic oscillator
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ψ+(1,2)1s2s =
1

2
(ψ1s(r1)ψ2s(r2) + ψ2s(r1)ψ1s(r2)) ×

1

2
( | ↑ ↓ ⟩ − | ↓ ↑ ⟩)

Helium atom 
Multi-electron problem 


cannot be solved exactly

Z = 2

ψ(r1, r2) ≠ ψ1s(r1)ψ1s(r2)

excited state, singlet

excited state, triplet ψ−(1,2)1s2s =
1

2
(ψ1s(r1)ψ2s(r2) − ψ2s(r1)ψ1s(r2)) ×

| ↑ ↑ ⟩
1

2
( ↑ ↓ ⟩ + | ↓ ↑ ⟩)

| ↓ ↓ ⟩

Ground state ψ(1,2)1s2 = ψ1s(r1)ψ1s(r2) ×
1

2
( | ↑ ↓ ⟩ − | ↓ ↑ ⟩)

E± = I(1s) + I(2s)

one electron integral

+ J(1s,2s)

Coulomb integral

± K(1s,2s)

exchange integral
Triplet has lower energy 


Hund’s rule

Electrons are fermions, not ideal particle

http://websites.umich.edu/~chem461/QMChap8.pdf
http://websites.umich.edu/~chem461/QMChap8.pdf


Schrödinger equation

iℏ
∂
∂t

ψ(t, ⃗x ) = −
ℏ2

2m
Δψ(t, ⃗x ) + V( ⃗x )ψ(t, ⃗x ) = H( ⃗x )ψ(t, ⃗x ) ψ(t, ⃗x ) = e−it E

ℏ ψ( ⃗x )

1d stationary Schrödinger equation H( ⃗x )ψ( ⃗x ) = Eψ( ⃗x ) (−
ℏ2

2m
d2

dx2
+ V(x))ψ (x) = Eψ (x)
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(E − V(x))ψ (x) = 0 ψ′￼′￼(x) = − k2(x)ψ(x)
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dx2

+ k2(x)ψ(x) = 0
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Numerov’s algorithm

given ψ (0) and ψ (1)

ψ (4)(r) =
ψ′￼′￼(r + 1) + ψ′￼′￼(r − 1) − 2ψ′￼′￼(r)
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ϵ =
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V(x)
V0

γ2 =
2mV0

ℏ2



Matrix Numerov’s algorithm

ψ (r + 1) − 2ψ (r) + ψ (r − 1) = −
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B =
1
12

(𝕀−1 + 10𝕀0 + 𝕀1)

ν =

ν1 0 ⋯ 0 0
0 ν2 ⋯ 0 0
⋮ 0 ⋱ ⋮
0 0 ⋯ νN−1 0
0 0 ⋯ 0 νNψ (0) = ψ (N + 1) = 0

(−
1
γ2

B−1A + ν)Ψ = ϵΨ

boundary condition              has no left neighbour 

Hamiltonian  matrix

ϵ =
E
V0

ν(x) =
V(x)
V0

γ2 =
2mV0

ℏ2

ψ(1)

ψ(N )boundary condition               has no right neighbour 

ψ (r + 1) + ψ (r − 1) = 2ψ (r) + h2ψ′￼′￼(r) +
1
12

h2(ψ′￼′￼(r + 1) + ψ′￼′￼(r − 1) − 2ψ′￼′￼(r)) + O(h6)

ψ′￼′￼(x) = − k2(x)ψ (x)



Solution for square well

ψn(x) = 2 sin(knx) = 2 sin(nπx)

En =
n2π2

L2γ2

Solution for harmonic potential

Ψ′￼′￼+ k2Ψ = 0 k2 = γ2(ϵ − ν)
ν(0) = ν(L) = ∞

ψ(0) = ψ(L) = 0

ν(x) =
1
2

mω2x2

https://en.wikipedia.org/wiki/Quantum_harmonic_oscillator

ψn(x) =
1

2nn!
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2ℏ Hn(

mω
ℏ
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n = 1,2,3,⋯

n = 0,1,2,⋯

En = ℏω(n + 1/2)

kn = nπ/L

2m
ℏ2

= 1,γ2 = 1 ν(x) = 0,x ∈ (0,L)

n = 0, ψn(x) = 0 trivial solution, no particle

https://en.wikipedia.org/wiki/Particle_in_a_box
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Time-dependent Schrödinger equation

ψ(t, x) → ψ(tn, xr) = ψ n
riℏ

∂
∂t

ψ(t, ⃗x ) = −
ℏ2

2m
Δψ(t, ⃗x ) + V( ⃗x )ψ(t, ⃗x ) = H( ⃗x )ψ(t, ⃗x )

FTCS scheme iℏ
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⋮
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von Neumann stability analysis ψ n

r = Aneikrh

A = 1 − i
ℏτ

mh2
(cos(kh) − 1) |A |2 > 1

for the free case V(x) = 0

Fully-Implicit scheme iℏ
ψ n+1

r − ψ n
r

τ
=

N

∑
s=1

Hr,sψ n+1
s

⃗ψ n+1 = ⃗ψ n −
iτ
ℏ

H ⃗ψ n+1 (1 +
iτ
ℏ

H ) ⃗ψ n+1 = ⃗ψ n ⃗ψ n+1 = (1 +
iτ
ℏ

H )−1 ⃗ψ n

for the free case V(x) = 0
von Neumann stability analysis ψ n

r = Aneikrh
A =

1

1 + i ℏτ
mh2 (cos(kh) − 1)

do not preserve the norm of wave function, not unitary

|A | < 0



⟨ψ(0) |ψ(0)⟩ = 1 ψ(t) = e−itH/ℏψ(0) preserve the normalisation H is an hermitian matrix 

(e−itH/ℏ)† = eitH/ℏ = (e−itH/h)−1 ⟨ψ(t) |ψ(t)⟩ = ⟨ψ(0) |eitH/ℏ ⋅ e−itH/ℏ

=1

|ψ(0)⟩

FTCS scheme e−iτH/ℏ ≈ (1 −
iτ
ℏ

H )

Fully-Implicit scheme e−iτH/ℏ ≈ (1 +
iτ
ℏ

H )−1
breaks the unitarity

(e−ix)† = eix = (e−ix)−1 but (1 ± ix)† = 1 ∓ ix ≠ 1/(1 ± ix)

Crank-Nicolson scheme iℏ
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)
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2ℏ

H( ⃗ψ n + ⃗ψ n+1)(1 +
iτ
2ℏ

H ) ⃗ψ n+1 = (1 −
iτ
2ℏ

H ) ⃗ψ n

⃗ψ n+1 = (1 +
iτ
2ℏ

H )−1(1 −
iτ
2ℏ

H ) ⃗ψ n

unitary

unitary discretisation scheme

(
1 − ix
1 + ix

)† =
1 + ix
1 − ix

= (
1 − ix
1 + ix

)−1

http://numerical.recipes/book/book.html

Chap.20.2. 
Can you see it? |

1 − ix
1 + ix

| = 1

H = H†

http://numerical.recipes/book/book.html
http://numerical.recipes/book/book.html


Operator splitting H = −
ℏ2

2m
(Δx + Δy + Δz + V( ⃗x )) = Hkin + Hpot

e−i τ
ℏ H |ψ⟩ → e−i τ

ℏ Hkine−i τ
ℏ Hpot |ψ⟩

eτ(A+B) = eτA ⋅ eτB + O(τ2)

eXeY = eX+Y+ 1
2 [X,Y ]+ 1

12 ([X,[X,Y ]]−[Y,[X,Y ]])+⋯

ψ(t + τ) = U(τ)ψ(t) = e−i τ
ℏ Hψ(t)

Trotter-Suzuki decomposition 

Baker-Campbell-Hausdorf

in the eigen basis e−i τ
ℏ V( ⃗x )ψ( ⃗x )

e−i τ
ℏ

ℏ2k2x
2m ψ(kx)

But the Eigen bases for H_kin and H_pot are different

Spectral methods iℏ
∂
∂t

⃗Ψ(t) = H ⃗Ψ(t) ⃗Ψ(t) = e−itE/ℏ ⃗Ψ(0)H ⃗Ψ = E ⃗Ψ

If one knows all the eigenvalues         and corresponding eigenstates           of the  En ⃗ϕ n H

⃗Ψ(t = 0) = ∑
n

cn
⃗ϕ n

⃗Ψ(t) = ∑
n

cne−i t
ℏ En ⃗ϕ n

All these point to the diagonalization of the Hamiltonian matrix


