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Partial differential equations

Poisson equation

Diffusion equation

  Cauchy initial value problem                        on domain u( ⃗r, t = 0) V

Neumann boundary condition ( ⃗n ⋅ ⃗∇ )u( ⃗r ) = 0 , ⃗r ∈ ∂V

elliptic PDE

u( ⃗r, t) concentration of a substance at position        and time  ⃗r t

Laplacian Δ =
d

∑
i=1

∂2

∂x2
i

charge density inside domain ρ( ⃗r ) V

1st, 2nd derivatives of spatial and time coordinates

Δϕ( ⃗r ) = −
1
ϵ0

ρ( ⃗r )

ϕ( ⃗r ) electrostatic potential  

Dirichlet boundary condition ϕ( ⃗r ), ⃗r ∈ ∂V

Neumann boundary condition ( ⃗n ⋅ ⃗∇ )ϕ( ⃗r ), ⃗r ∈ ∂V

∂u( ⃗r, t)
∂t

− DΔu( ⃗r, t) = S( ⃗r, t)

S( ⃗r, t) source/drain D diffusion coefficient

parabolic PDE asymmetrical under time-reversal t → − t

Initial configuration must be consistent with the boundary condition



浮世绘，葛饰北斋，神奈川冲浪⾥

Wave equation

Schrödinger equation

https://www.youtube.com/watch?v=Xj9PdeY64rA


Animating Schrödinger's Equation

Fluid Dynamics, Navier-Stokes equation

1
c2

∂2u( ⃗r, t)
∂t2

− Δu( ⃗r, t) = S( ⃗r, t)

c wave velocity

Hyperbolic PDE symmetrical under time-reversal t → − t

initial value problem u( ⃗r, t = 0),
∂u( ⃗r, t)

∂t
|t=0

iℏ
∂Ψ( ⃗r, t)

∂t
= HΨ( ⃗r, t)

H = −
ℏ2

2m
ΔFor free particle 

diffusion equation in imaginary time 

Initial configuration must be consistent with the boundary condition

https://www.youtube.com/watch?v=Xj9PdeY64rA
https://www.youtube.com/watch?v=Xj9PdeY64rA


Discretization
<latexit sha1_base64="/3prhWbHEVTyHeB96lI0LRfOvuQ=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSExVQkgYKxgYSwSfUhNVDmO01p1nMi+QURRFxZ+hYUBhFj5Bzb+BvcxQMuRrnR0zr32vSdIBdfgON/WwuLS8spqaa28vrG5tW3v7DZ1kinKGjQRiWoHRDPBJWsAB8HaqWIkDgRrBYPrkd+6Z0rzRN5BnjI/Jj3JI04JGKlrH3jAHqAIkkyGROV4iL2UKOBE4Cbu2hWn6oyB54k7JRU0Rb1rf3lhQrOYSaCCaN1xnRT8YvQgFWxY9jLNUkIHpMc6hkoSM+0X4yuG+MgoIY4SZUoCHqu/JwoSa53HgemMCfT1rDcS//M6GUSXfsFlmgGTdPJRlAkMCR5FgkOuGAWRG0Ko4mZXTPtEEQomuLIJwZ09eZ40T6ruefX09qxSu5rGUUL76BAdIxddoBq6QXXUQBQ9omf0it6sJ+vFerc+Jq0L1nRmD/2B9fkDQheYZw==</latexit>

boundary @V

<latexit sha1_base64="3A9vaL2uKz3zJdNC9lBcqGeZDc4=">AAACBHicbVA9SwNBEN3zM8avU8s0i0GwOMJdFLUJBG0sI5gPyIWwt9kkS/b2jt05IRwpbPwrNhaK2Poj7Pw3bpIrNPHBwOO9GWbmBbHgGlz321pZXVvf2Mxt5bd3dvf27YPDho4SRVmdRiJSrYBoJrhkdeAgWCtWjISBYM1gdDP1mw9MaR7JexjHrBOSgeR9TgkYqWsXoCtxBUsfSOJgWXEdzyk7Pu1FoLt20S25M+Bl4mWkiDLUuvaX34toEjIJVBCt254bQyclCjgVbJL3E81iQkdkwNqGShIy3UlnT0zwiVF6uB8pUxLwTP09kZJQ63EYmM6QwFAvelPxP6+dQP+qk3IZJ8AknS/qJwJDhKeJ4B5XjIIYG0Ko4uZWTIdEEQomt7wJwVt8eZk0yiXvonR2d16sXmdx5FABHaNT5KFLVEW3qIbqiKJH9Ixe0Zv1ZL1Y79bHvHXFymaO0B9Ynz+BCJYa</latexit>

tn = n⌧, n = 0, 1, 2, · · ·

Discretisation of space-time domain
<latexit sha1_base64="5fd1FL6LLCb1cC6wxy9wbb24Q0M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM12067dbMLuRCihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7ql+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB4sWNAA==</latexit>

t

Initial values

Compatible boundary conditions

⃗r =
d=2

∑
i=1

hiri ⃗e i =
d=2

∑
i=1

ri ⃗e i
hi = h = 1 lattice spacing 

ri defines the domain  V

⃗e i, i = 1,⋯, d unit vectors of a d-dimensional hyper cubic lattice 

u( ⃗r, t) → u( ⃗ri, tn)

u( ⃗r, t = 0),
∂u( ⃗r, t)

∂t
|t=0r



Forward time (FT) discretisation

Centered space (CS) discretisation

Boundary conditions

Periodic boundary conditions (PBC)

1d ring

2d torus (donut)

higher-d tori

∂u( ⃗r, tn)
∂xi

→
u( ⃗r + hi ⃗e i, tn) − u( ⃗r − hi ⃗e i, tn)

2hi
+ O(h)

∂u( ⃗r, tn)
∂t

→
u( ⃗r, tn+1) − u( ⃗r, tn)

τ
+ O(τ)

∂2u( ⃗r, tn)
∂x2

i
→

u( ⃗r + hi ⃗e i, tn) + u( ⃗r − hi ⃗e i, tn) − 2u( ⃗r, tn)
h2

i
+ O(h2)

u( ⃗r + Nihi ⃗e i) = u( ⃗r )



Hyperbolic PDEs
Wave equation 

∂2u
∂t2

= c2 ∂2u
∂x2

Advection equation

∂u
∂t

= − c
∂u
∂x

https://www.youtube.com/watch?v=6ZC9h8jgSj4

https://www.youtube.com/watch?v=goVjVVaLe10

Mach wave (shock wave) Traffic jam

Watch these

Evolution of passive field u(t, x)

https://en.wikipedia.org/wiki/Advection

https://www.youtube.com/watch?v=6ZC9h8jgSj4
https://www.youtube.com/watch?v=6ZC9h8jgSj4
https://www.youtube.com/watch?v=goVjVVaLe10
https://www.youtube.com/watch?v=goVjVVaLe10
https://en.wikipedia.org/wiki/Advection
https://en.wikipedia.org/wiki/Advection


FTCS schemes wouldn’t work

u(n + 1,r) − u(n, r)
τ

= − c
u(n, r + 1) − u(n, r − 1)

2h u(n + 1,r) = u(n, r) −
cτ
2h

(u(n, r + 1) − u(n, r − 1))

von Neumann stability analysis u(n, r) = Aneikrh
A = 1 −

cτ
2h

(eikh − e−ikh) = 1 − i
cτ
h

sin(kh)

|A | = 1 + (
cτ
h

)2sin2(kh) > 1
FTCS is unstable for hyperbolic equations 

Lax method u(n + 1,r) =
1
2

(u(n, r + 1) + u(n, r − 1)) −
cτ
2h

(u(n, r + 1) − u(n, r − 1))

A = cos(kh) − i
cτ
h

sin(kh)

|A | = cos2(kh) + (
cτ
h

)2sin2(kh)

cτ
h

≤ 1

Courant-Friedrichs-Lewy (CFL) stability criterion

τ

h
c

Numerical information flow is within the 
physical information flow

u(n + 1,r) − u(n, r)
τ

= − c
u(n, r + 1) − u(n, r)

h
Is FTFS

Stable ?

h
τ

≥ c



Differencing PDE 
an art as much as a science u(n + 1,r) =

1
2

(u(n, r + 1) + u(n, r − 1)) −
cτ
2h

(u(n, r + 1) − u(n, r − 1))

u(n + 1,r) − u(n, r)
τ

= − c
u(n, r + 1) − u(n, r − 1)

2h
+

u(n, r + 1) − 2u(n, r) + u(n, r − 1)
2τ

Equals to FTCS of
∂u
∂t

= − c
∂u
∂x

+
h2

2τ
Δu

Equals to 

artificial dissipation term, suppress the unstable modes

Exactly at the Courant-Friedrichs-Lewy (CFL) stability criterion cτ = h u(n + 1,r) = u(n, r − 1)Lax becomes

Leap-Frog method

FTCS and Lax are all 1st order accuracy in τ

is of 2nd order accuracy in τ

∂u
∂t

= −
∂F(u)

∂x
F(u) = cu for advection equation

CTCS
u(n + 1,r) − u(n − 1,r)

τ
= −

F(n, r + 1) − F(n, r − 1)
h

u(n + 1,r) = u(n − 1,r) −
τ
h

(F(n, r + 1) − F(n, r − 1))

Not self-starting, use Lax to start

|A |2 = cos2(kh) + (
cτ
h

)2sin2(kh)
kh ≪ 1, |A |2 ≈ 1 longwavelength mode conserved

kh ∼ 1, |A |2 < 1 shortwavelength mode damped



Lax-Wendroff method

Leap-Frog method

Performing von Neumann stability analysis on Leap-Frog，stable when cτ/h ≤ 1

Mesh drifting instability introduce artificial dissipation to couples the sublattices

u(t + τ, x) = u(t, x) + τ
∂u(x, t)

∂t
+

τ2

2
∂2u(t, x)

∂t2
+ O(τ3)

∂u
∂t

= −
∂F(u)

∂x

∂2u
∂t2

=
∂
∂t

∂u
∂t

= −
∂
∂t

∂
∂x

F = −
∂
∂x

∂
∂t

F ∂F
∂t

=
dF
du

∂u
∂t

= F′ 
∂u
∂t

= − F′ 
∂F
∂x

∂2u
∂t2

=
∂
∂x

[F′ 
∂F
∂x

]

= u(t, x) − τ
∂
∂x

F(t, x) +
τ2

2
(

∂
∂x

[F′ 
∂F
∂x

](t, x))

http://numerical.recipes/book/book.html

Chap.20.1. 

Taylor expansion of              in  u(x, t) t

F(u) only depends on u

(can you see this ?)|A |2 = 1 cτ/h ≤ 1 No amplitude dissipation

A2 = 1 − 2iA
cτ
h

sin(kh) A = − i
cτ
h

sin(kh) ± 1 − (
cτ
h

sin(hk))2

http://numerical.recipes/book/book.html
http://numerical.recipes/book/book.html


Lax-Wendroff method

u(n + 1,r) = u(n, r) − τ
F(n, r + 1) − F(n, r − 1)

2h
+

τ2

2
(
[F′ 

∂F
∂x ](n, r + 1/2) − [F′ 

∂F
∂x ](n, r − 1/2)

h
)

= u(n, r) − τ
F(n, r + 1) − F(n, r − 1)

2h
+

τ2

2h
(F′ (n, r + 1/2)

F(n, r + 1) − F(n, r)
h

− F′ (n, r − 1/2)
F(n, r) − F(n, r − 1)

h
)

F′ (n, r ± 1/2) = F′ (
u(n, r ± 1) + u(n, r)

2
)where

For advection equation F(u) = cu F′ (u) = c

u(n + 1,r) = u(n, r) −
cτ
2h

(u(n, r + 1) − u(n, r − 1)) +
c2τ2

2h2
(u(n, r + 1) + u(n, r − 1) − 2u(n, r))

Performing von Neumann stability analysis on Lax-Wendroff，obtain CFL cτ/h ≤ 1

kh ≪ 1 |A |2 = 1 − (
cτ
h

)2(1 − (
cτ
h

)2)
(kh)4

4
+ ⋯

Damping is smaller than in the Lax method |A |2 = 1 − (1 − (
cτ
h

)2)(kh)2 + ⋯

At the CFL stability threshold cτ/h = 1 u(n + 1,r) = u(n, r − 1)Lax-Wendroff becomes

(can you see these ?)

A = 1 − i
cτ
h

sin(kh) − (
cτ
h

)2(1 − cos(kh))

|A |2 = 1 − (
cτ
h

)2(1 − (
cτ
h

)2)(1 − cos(kh))2



Physics of Traffic flow

ρ(t, x)Traffic density

F(t, x)Traffic Flux

d
dt

N(t, x1, x2) =
d
dt ∫

x2

x1

ρ(t, x)dx = ∫
x2

x1

∂ρ(t, x)
∂t

dx = − F(t, x2) + F(t, x1)

Equation of continuity 
∂ρ
∂t

+
∂F
∂x

= 0

Local velocity of the vehicles v(t, x) =
F(t, x)
ρ(t, x)

Lighthill and Whitham (1955)

Local flux depends on local density F(t, x) = F(ρ(t, x))

F(ρ) = 4Fmax[
ρ

ρmax
− (

ρ
ρmax

)2] ρmax = 100 vehicles/km

Fmax = 3000 vehicles/h

v(ρ) =
F(ρ)

ρ
=

4Fmax

ρmax

vmax=120 km/h

(1 −
ρ

ρmax
)

Increasing the density, the velocity decreases linearly

Until vanishes at                       (bumper-to-bumper)ρ = ρmax

Number of vehicles

N(t, x1, x2) = ∫
x2

x1

ρ(t, x)dx



∂ρ
∂t

= −
dF(ρ)

dρ
∂ρ
∂x

F(ρ) = 4Fmax[
ρ

ρmax
− (

ρ
ρmax

)2]

= −
d(ρv(ρ))

dρ
∂ρ
∂x

= − (v(ρ) + ρ
dv(ρ)

dρ
)
∂ρ
∂x

v(ρ) =
F(ρ)

ρ
=

4Fmax

ρmax

vmax=120 km/h

(1 −
ρ

ρmax
)

−
vmax

ρmax
< 0

density wave in the vehicle density: kinematic waves

c(ρ) = vmax(1 −
2ρ

ρmax
)

ρ < ρmax/2 low traffic densities, c(ρ) > 0 vehicle density move to right

ρ > ρmax/2 high traffic densities, c(ρ) < 0 vehicle density move to left

ρ = ρmax/2 medium traffic density, c(ρ) = 0 vehicle density stationary

Traffic jam = shock wave

(1)

(2)

(3)

(4)

∂ρ
∂t

= −
∂F(ρ)

∂x



Traffic light simulation 

Macau Grand Prix

Ring-road with circumference L

Light

L
4

L
2

ρmax = 1

L = 400 m

F(ρ) = v(ρ)ρ = vmax(1 −
ρ

ρmax
)ρ

∂ρ
∂t

= −
∂F(ρ)

∂x

vmax = 33 m /s

h = 1 m

τ = h /vmax = 1/33 s

0

3L
4

ρ(t = 0,x) = {ρmax, 0 < x < 2L
3

0, else



Physics of Tsunami waves

https://en.wikipedia.org/wiki/TsunamiWatch the 3D animation

caused by submarine earthquake, vertical shift of a whole water column (~ 1 m)

Reaching the shall shore of the ocean, the wave slows down, but the amplitude increases (~ 10 m)

equ. continuity  
∂ρ
∂t

+ ∇ ⋅ (ρ ⃗v )
⏟

f lux

= 0

d
dt

⃗v =
∂ ⃗v
∂t

+ ( ⃗v ⋅ ∇) ⃗v =
⃗f

ρ
−

1
ρ

∇P +
ζ + 1

3 η

ρ
∇(∇ ⋅ ⃗v ) + ηΔ ⃗vNavier-Stokes equ.

(
0
0

−g)
local external force density

local pressure

volume viscosity
shear viscosity

https://en.wikipedia.org/wiki/Viscosity

ζ = η = 0

Incompressible, curl-free fluid
∂ρ
∂t

= 0ρ const

https://en.wikipedia.org/wiki/Tsunami
https://en.wikipedia.org/wiki/Tsunami
https://en.wikipedia.org/wiki/Viscosity
https://en.wikipedia.org/wiki/Viscosity


Shallow water equations

C.H. Su and C.S. Gardner J. Math. Phys. 10, 536 (1969)

∂h(t, x)
∂t

+
∂
∂x

((h(t, x) − b(x))ū(t, x)) = 0

∂ū(t, x)
∂t

+ ū(t, x)
∂ū(t, x)

∂x
+ g

∂h(x)
∂x

= 0

⃗S (t, x) = ( x
h(t, x))

⃗x = (x
z) ⃗v = (u

w) Average horizontal velocity

ū(t, x) =
1

h(t, x) − b(x) ∫
h(t,x)

b(x)
u(t, x, z)dz

In the form of advection equation

∂
∂t (h

ū) = −
∂
∂x (

(h − b)ū
1
2 ū2 + gh)

equ. continuity  

Navier-Stokes 
equ.

v w px
1
ρ

∂P
∂x

(h(t, x)
ū(t, x))

∂
∂t (

h
ū
v̄) = −

∂
∂x

(h − b)ū
1
2 ū2 + gh

ūv̄

−
∂
∂y

(h − b)v̄
ūv̄

1
2 v̄2 + gh



∂
∂t (h

ū) = −
∂
∂x (

(h − b)ū
1
2 ū2 + gh)

−x0 x0

b(x) = b0(
x2

x2
0

− 1)

Parabolic ocean floor

Boundary condition

h(t, x = ± x0) = 0

ū(t, x = ± x0) = 0

Initial condition: Gaussian

h(t = 0,x) = h0e−x2/D2

ū(t = 0,x) = 0

b0 = 1 km ≐ 10

x0 = 10 km ≐ 100

h0 = 1 m ≐ 0.01

D = 1 km ≐ 10

g = 10 m /s2 ≐ 0.1

h = 100 m ≐ 1

τ = 0.3 s ≐ 0.3

Leap-Frog method is of 2nd order accuracy in τ

Length unit 100 m

Time unit 1 s

∂u
∂t

= −
∂F(u)

∂x

u(n + 1,r) = u(n − 1,r) −
τ
h

(F(n, r + 1) − F(n, r − 1))

−b0



Shallow water equations: derivation

C.H. Su and C.S. Gardner J. Math. Phys. 10, 536 (1969)


