
0. Introduction

1. Differential equations
  1.1 Classical equation of motion (classical mechanics, pendulum)
  1.2 Partial differential equation relaxation methods (electromagnetism, diffusion)
  1.3 Partial differential equation in space-time (traffic flow, tsunami)

2. Eigenvalue problem
  2.1 Schrödinger equation and Hamiltonian (Harmonic oscillator, wave package) 
  2.2 Quantum lattice model and Hibert space (Heisenberg model)
  2.3 Exact diagonalization of spin chain (Spin wave, Haldane conjecture, topology)
  2.4 Matrix product state and density matrix renormalization group (DMRG)
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Differential equations

Initial value problems: time-dependent equations with given initial conditions

Boundary value problems: differential equations with specific boundary values

Eigenvalues of Dirichlet problem for Laplacian

Eigenvalue problems
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Partial differential equations

Poisson equation

Diffusion equation

  Cauchy initial value problem                        on domain u( ⃗r, t = 0) V

Neumann boundary condition ( ⃗n ⋅ ⃗∇ )u( ⃗r ) = 0 , ⃗r ∈ ∂V

elliptic PDE

u( ⃗r, t) concentration of a substance at position        and time  ⃗r t

Laplacian Δ =
d

∑
i=1

∂2

∂x2
i

charge density inside domain ρ( ⃗r ) V

1st, 2nd derivatives of spatial and time coordinates

Δϕ( ⃗r ) = −
1
ϵ0

ρ( ⃗r )

ϕ( ⃗r ) electrostatic potential  

Dirichlet boundary condition ϕ( ⃗r ), ⃗r ∈ ∂V

Neumann boundary condition ( ⃗n ⋅ ⃗∇ )ϕ( ⃗r ), ⃗r ∈ ∂V

∂u( ⃗r, t)
∂t

− DΔu( ⃗r, t) = S( ⃗r, t)

S( ⃗r, t) source/drain D diffusion coefficient

parabolic PDE asymmetrical under time-reversal t → − t

Initial configuration must be consistent with the boundary condition



浮世绘，葛饰北斋，神奈川冲浪⾥

Wave equation

Schrödinger equation

https://www.youtube.com/watch?v=Xj9PdeY64rA


Animating Schrödinger's Equation

Fluid Dynamics, Navier-Stokes equation

1
c2

∂2u( ⃗r, t)
∂t2

− Δu( ⃗r, t) = S( ⃗r, t)

c wave velocity

Hyperbolic PDE symmetrical under time-reversal, oscillations  t → − t

initial value problem u( ⃗r, t = 0),
∂u( ⃗r, t)

∂t
|t=0

iℏ
∂Ψ( ⃗r, t)

∂t
= HΨ( ⃗r, t)

H = −
ℏ2

2m
ΔFor free particle 

diffusion equation in imaginary time 

Initial configuration must be consistent with the boundary condition

https://www.youtube.com/watch?v=Xj9PdeY64rA


Discretization
<latexit sha1_base64="/3prhWbHEVTyHeB96lI0LRfOvuQ=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSExVQkgYKxgYSwSfUhNVDmO01p1nMi+QURRFxZ+hYUBhFj5Bzb+BvcxQMuRrnR0zr32vSdIBdfgON/WwuLS8spqaa28vrG5tW3v7DZ1kinKGjQRiWoHRDPBJWsAB8HaqWIkDgRrBYPrkd+6Z0rzRN5BnjI/Jj3JI04JGKlrH3jAHqAIkkyGROV4iL2UKOBE4Cbu2hWn6oyB54k7JRU0Rb1rf3lhQrOYSaCCaN1xnRT8YvQgFWxY9jLNUkIHpMc6hkoSM+0X4yuG+MgoIY4SZUoCHqu/JwoSa53HgemMCfT1rDcS//M6GUSXfsFlmgGTdPJRlAkMCR5FgkOuGAWRG0Ko4mZXTPtEEQomuLIJwZ09eZ40T6ruefX09qxSu5rGUUL76BAdIxddoBq6QXXUQBQ9omf0it6sJ+vFerc+Jq0L1nRmD/2B9fkDQheYZw==</latexit>

boundary @V

<latexit sha1_base64="3A9vaL2uKz3zJdNC9lBcqGeZDc4=">AAACBHicbVA9SwNBEN3zM8avU8s0i0GwOMJdFLUJBG0sI5gPyIWwt9kkS/b2jt05IRwpbPwrNhaK2Poj7Pw3bpIrNPHBwOO9GWbmBbHgGlz321pZXVvf2Mxt5bd3dvf27YPDho4SRVmdRiJSrYBoJrhkdeAgWCtWjISBYM1gdDP1mw9MaR7JexjHrBOSgeR9TgkYqWsXoCtxBUsfSOJgWXEdzyk7Pu1FoLt20S25M+Bl4mWkiDLUuvaX34toEjIJVBCt254bQyclCjgVbJL3E81iQkdkwNqGShIy3UlnT0zwiVF6uB8pUxLwTP09kZJQ63EYmM6QwFAvelPxP6+dQP+qk3IZJ8AknS/qJwJDhKeJ4B5XjIIYG0Ko4uZWTIdEEQomt7wJwVt8eZk0yiXvonR2d16sXmdx5FABHaNT5KFLVEW3qIbqiKJH9Ixe0Zv1ZL1Y79bHvHXFymaO0B9Ynz+BCJYa</latexit>

tn = n⌧, n = 0, 1, 2, · · ·

Discretisation of space-time domain
<latexit sha1_base64="5fd1FL6LLCb1cC6wxy9wbb24Q0M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM12067dbMLuRCihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7ql+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB4sWNAA==</latexit>

t

Initial values

Compatible boundary conditions

⃗r =
d=2

∑
i=1

hiri ⃗e i =
d=2

∑
i=1

ri ⃗e i
hi = h = 1 lattice spacing 

ri defines the domain  V

⃗e i, i = 1,⋯, d unit vectors of a d-dimensional hyper cubic lattice 

u( ⃗r, t) → u( ⃗ri, tn)

u( ⃗r, t = 0),
∂u( ⃗r, t)

∂t
|t=0r



Forward time (FT) discretisation

Centered space (CS) discretisation

Boundary conditions

Periodic boundary conditions (PBC)

1d ring

2d torus (donut)

higher-d tori

∂u( ⃗r, tn)
∂xi

→
u( ⃗r + hi ⃗e i, tn) − u( ⃗r − hi ⃗e i, tn)

2hi
+ O(h2)

∂u( ⃗r, tn)
∂t

→
u( ⃗r, tn+1) − u( ⃗r, tn)

τ
+ O(τ)

∂2u( ⃗r, tn)
∂x2

i
→

u( ⃗r + hi ⃗e i, tn) + u( ⃗r − hi ⃗e i, tn) − 2u( ⃗r, tn)
h2

i
+ O(h2)

u( ⃗r + Nihi ⃗e i) = u( ⃗r )



Poisson equation (Potential Problems)

Centered three-point formula in each direction

Jacobi Relaxation

1. Initial configuration for             (an educated guess) with boundary conditions 

2. Calculation a new configuration

Use the boundary condition to determine 

3. Calculate the deviation

1781-1840

French mathematician, 

physicist

Δϕ( ⃗r ) = 4πGρ( ⃗r )

ϕ( ⃗r ) = −
Gm
| ⃗r |

⃗E = − ∇ϕ

ϕ( ⃗r ) =
Q

4πϵ0 | ⃗r |

⃗g = − ∇ϕ

ϕnew( ⃗r ) =
1

2d

d

∑
i=1

[ϕ( ⃗r + h ⃗e i) + ϕ( ⃗r − h ⃗e i)] +
h2

2dϵ0
ρ( ⃗r )

ϕnew( ⃗r ), ⃗r ∈ ∂V

Δϕ( ⃗r ) = −
1
ϵ0

ρ( ⃗r )

Δϕ( ⃗r ) →
1
h2

(−2dϕ( ⃗r ) +
d

∑
i=1

(ϕ( ⃗r + h ⃗e i) + ϕ( ⃗r − h ⃗e i))) + O(h2)

ϕ( ⃗r ) =
1
2d

d

∑
i=1

(ϕ( ⃗r + h ⃗e i) + ϕ( ⃗r − h ⃗e i)) +
h2

2dϵ0
ρ( ⃗r )

ϕ( ⃗r )

δϕ = max
⃗r

|ϕnew( ⃗r ) − ϕ( ⃗r ) |

4. Replace      by         .  If        smaller than the bound, stop; otherwise, repeat from step 2. ϕ ϕnew δϕ



Gauss-Seidel Relaxation

Computational complexity
<latexit sha1_base64="Dk70ahsfKq3cK0GsyMMwTiMtSRI=">AAACHHicbVA9SwNBEN3zM8avqKXNYhCs4l0iahm0sZIIRoVcDHubuWRx727ZnZOE436IjX/FxkIRGwvBf+MmpvDrwcDjvRlm5gVKCoOu++FMTc/Mzs0XFoqLS8srq6W19QuTpJpDkycy0VcBMyBFDE0UKOFKaWBRIOEyuDke+Ze3oI1I4nMcKmhHrBeLUHCGVuqUan6Z+ggDzKhA0GPV0NxnSulk4Iea8czLs2qu6GnHXGfV3W7eKZXdijsG/Uu8CSmTCRqd0pvfTXgaQYxcMmNanquwnTGNgkvIi35qQDF+w3rQsjRmEZh2Nn4up9tW6dIw0bZipGP1+0TGImOGUWA7I4Z989sbif95rRTDw3YmYpUixPxrUZhKigkdJUW7QgNHObSEcS3srZT3mQ3E5mSKNgTv98t/yUW14u1Xamd75frRJI4C2SRbZId45IDUyQlpkCbh5I48kCfy7Nw7j86L8/rVOuVMZjbIDzjvnwaZofc=</latexit>

# iterations ⇡ 1

2
pN2/d

s

<latexit sha1_base64="Nkbo3DC0CnGccpsWzwkJ22pCe5M=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4kJJUUTdC0Y0rqWAf0IQwmUzaoZMHMzdiCQU3/oobF4q49Sfc+TcmbRbaelaHc+7lnnvcWHAFhvGtzc0vLC4tl1bKq2vrG5v61nZLRYmkrEkjEcmOSxQTPGRN4CBYJ5aMBK5gbXdwlfvteyYVj8I7GMbMDkgv5D6nBDLJ0XctYA+Q+pHEI+xd1I6wpXiAbxyFHb1iVI0x8CwxC1JBBRqO/mV5EU0CFgIVRKmuacRgp0QCp4KNylaiWEzogPRYN6MhCZiy0/EPI3yQKR7Oc/hRCHis/t5ISaDUMHCzyYBAX017ufif103AP7dTHsYJsJBODvmJwBDhvBDscckoiGFGCJU8y4ppn0hCIautnJVgTr88S1q1qnlaPb49qdQvizpKaA/to0NkojNUR9eogZqIokf0jF7Rm/akvWjv2sdkdE4rdnbQH2ifPwlClns=</latexit>

for d = 2,⇠ Ns

<latexit sha1_base64="PLTeFTAYPAddae/82vRcbPzRkI8=">AAACEHicbVC7TsNAEDzzJrwMlDQnIgQNkQ0IKBE0lEEigJSE6HxZJyfOPutuHWFZ+QQafoWGAoRoKen4Gy6JCwhMNZrZ1e5MkEhh0PO+nInJqemZ2bn50sLi0vKKu7p2ZVSqOdS4kkrfBMyAFDHUUKCEm0QDiwIJ18Hd2cC/7oE2QsWXmCXQjFgnFqHgDK3UcrcbCPeYo6IiSrTqAcUuUNBaaRpktE997zbfTfott+xVvCHoX+IXpEwKVFvuZ6OteBpBjFwyY+q+l2AzZxoFl9AvNVIDCeN3rAN1S2MWgWnmw0B9umWVNg3tD6GKkQ7Vnxs5i4zJosBORgy7ZtwbiP959RTD42Yu4iRFiPnoUJhKavMP2qFtoYGjzCxhXAv7K+VdphlH22HJluCPR/5LrvYq/mFl/+KgfHJa1DFHNsgm2SE+OSIn5JxUSY1w8kCeyAt5dR6dZ+fNeR+NTjjFzjr5BefjGwrJnJE=</latexit>

to improve the error by 10�p

<latexit sha1_base64="B27vecaNq6Opzx0VN/BK18K/PRA="></latexit>

no need to work with two arrays � and �new

<latexit sha1_base64="6Cp30x6ov16lDeHvR1n1jiP4668=">AAACHXicbVDLSgNBEJz1GeMr6tHLYBA8xV0N6jHoxZNEMImQjWF20quDs7vDTK8kLPsjXvwVLx4U8eBF/Bsnj4OvgoaiqpvurkBJYdB1P52p6ZnZufnCQnFxaXlltbS23jRJqjk0eCITfRkwA1LE0ECBEi6VBhYFElrB7cnQb92BNiKJL3CgoBOx61iEgjO0UrdU9cvUR+hjRgWCHqmG5tRnSumkT/1QM555eVbN1VnXXGV7u728Wyq7FXcE+pd4E1ImE9S7pXe/l/A0ghi5ZMa0PVdhJ2MaBZeQF/3UgGL8ll1D29KYRWA62ei7nG5bpUfDRNuKkY7U7xMZi4wZRIHtjBjemN/eUPzPa6cYHnUyEasUIebjRWEqKSZ0GBXtCQ0c5cASxrWwt1J+w2weNihTtCF4v1/+S5p7Fe+gsn9eLdeOJ3EUyCbZIjvEI4ekRk5JnTQIJ/fkkTyTF+fBeXJenbdx65QzmdkgP+B8fAFoPaIj</latexit>

# iterations ⇡ 1

4
pN2/d

s

Change the 2nd step in Jacobi

Relax towards the actual solution from boundary to the interior of  V

As one systematically carry out the relaxation

ϕ( ⃗r ) contains both old and new values during the iteration through the lattice 

Save the memory

Speed-up

ϕ( ⃗r ) =
1
2d

d

∑
i=1

(ϕ( ⃗r + h ⃗e i) + ϕ( ⃗r − h ⃗e i)) +
h2

2dϵ0
ρ( ⃗r )



Successive Overrelaxation (SOR)

<latexit sha1_base64="FCMSbrFulofP0XK6Pu7wafnXY0Y=">AAACDHicbVC7SgNBFJ31GeMramkzGASrsKuilkEbywjmAckSZid3kyGzD2buSsKSD7DxV2wsFLH1A+z8GyebLTTxwMDhnHO5c48XS6HRtr+tpeWV1bX1wkZxc2t7Z7e0t9/QUaI41HkkI9XymAYpQqijQAmtWAELPAlNb3gz9ZsPoLSIwnscx+AGrB8KX3CGRuqWyh2EEaYKJBtlEo2ZYgEgKDqhnSiAPjMpu2JnoIvEyUmZ5Kh1S1+dXsSTAELkkmndduwY3ZQpFFzCpNhJNMSMD1kf2oaGZp920+yYCT02So/6kTIvRJqpvydSFmg9DjyTDBgO9Lw3Ff/z2gn6V24qwjhBCPlskZ9IihGdNkN7QgFHOTaEcSXMXykfmDK46UIXTQnO/MmLpHFacS4qZ3fn5ep1XkeBHJIjckIcckmq5JbUSJ1w8kieySt5s56sF+vd+phFl6x85oD8gfX5A4SWm+c=</latexit>

relaxation parameter !

<latexit sha1_base64="dwC9lZaDtKyIJUTNYWczywemuR4=">AAACDHicbVC7SgNBFJ2NrxhfUUubwSBYhd0oapEiaGMZwTwgCWF2cpMMmd1ZZu5KwpIPsPFXbCwUsfUD7PwbJ49CEw8MHM45lzv3+JEUBl3320mtrK6tb6Q3M1vbO7t72f2DqlGx5lDhSipd95kBKUKooEAJ9UgDC3wJNX9wM/FrD6CNUOE9jiJoBawXiq7gDK3UzuaaCENMlM1okGw4lemYekXaVAH0GC0WbMrNu1PQZeLNSY7MUW5nv5odxeMAQuSSGdPw3AhbCdMouIRxphkbiBgfsB40LA1ZAKaVTI8Z0xOrdGhXaftCpFP190TCAmNGgW+TAcO+WfQm4n9eI8buVSsRYRQjhHy2qBtLiopOmqEdoYGjHFnCuBb2r5T3mWYcbX8ZW4K3ePIyqRby3kX+7O48V7qe15EmR+SYnBKPXJISuSVlUiGcPJJn8krenCfnxXl3PmbRlDOfOSR/4Hz+AO0pmt0=</latexit>

overrelaxation 1 < ! < 2

Gauss-Seidel ω = 1

Underrelaxation 0 < ω < 1

Put more weight to the new value than in Gauss-Seidel

<latexit sha1_base64="kZ4vVKTr1w3RgFxtGx2OqkrlkHc=">AAACHXicbVA9SwNBEN2LXzF+RS1tFoNgFe9U1FK0sZIIJgZyMext5nTJ3t2yOyeG4/6IjX/FxkIRCxvx37j5KDT6YODx3gwz8wIlhUHX/XIKU9Mzs3PF+dLC4tLySnl1rWGSVHOo80QmuhkwA1LEUEeBEppKA4sCCVdB73TgX92BNiKJL7GvoB2xm1iEgjO0Uqe871eoj3CPGRUIeqgamlOfKaWTe+qHmvHMy7O9XJ13zHXm7XTzTrniVt0h6F/ijUmFjFHrlD/8bsLTCGLkkhnT8lyF7YxpFFxCXvJTA4rxHruBlqUxi8C0s+F3Od2ySpeGibYVIx2qPycyFhnTjwLbGTG8NZPeQPzPa6UYHrUzEasUIeajRWEqKSZ0EBXtCg0cZd8SxrWwt1J+y2weNihTsiF4ky//JY3dqndQ3bvYrxyfjOMokg2ySbaJRw7JMTkjNVInnDyQJ/JCXp1H59l5c95HrQVnPLNOfsH5/AZlJ6Ih</latexit>

# iterations ⇡ 1

3
pN1/d

s

• Stable for  

• Converges faster than Gauss-Seidel 

• Optimal value of the             close to 2 

•

ω < 2

ωopt

d = 2, N1/d
s ∼ Ns

d = 2, N2/d
s ∼ Ns

http://numerical.recipes/book.html

Chap. 20.5. Our bible 

ωopt =
2

1 + 1 − 1
4 (cos( π

Nx
) + cos( π

Ny
))2

Nx × Ny square lattice with Dirichlet boundary condition

≈ 1.939
with N=100

ϕ( ⃗r ) → (1 − ω)ϕ( ⃗r ) + ω(
1
2d

d

∑
i=1

(ϕ( ⃗r + h ⃗e i) + ϕ( ⃗r − h ⃗e i)) +
h2

2dϵ0
ρ( ⃗r ))

http://numerical.recipes/book/book.html


Matrix-Formulation

<latexit sha1_base64="GY+OU4glTsBEBtnOKnYSgIG+zV0=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFcFUSFXUjVN24rGAv0IQymU7boZMLM5NCCPFV3LhQxK0P4s63cZpmoa0/DHz85xzOmd+LOJPKsr6N0srq2vpGebOytb2zu2fuH7RlGAtCWyTkoeh6WFLOAtpSTHHajQTFvsdpx5vczeqdKRWShcGjSiLq+ngUsCEjWGmrb1ZvnCklqRONWXado5f1zZpVt3KhZbALqEGhZt/8cgYhiX0aKMKxlD3bipSbYqEY4TSrOLGkESYTPKI9jQH2qXTT/PgMHWtngIah0C9QKHd/T6TYlzLxPd3pYzWWi7WZ+V+tF6vhlZuyIIoVDch80TDmSIVolgQaMEGJ4okGTATTtyIyxgITpfOq6BDsxS8vQ/u0bl/Uzx7Oa43bIo4yHMIRnIANl9CAe2hCCwgk8Ayv8GY8GS/Gu/Exby0ZxUwV/sj4/AEX5pUS</latexit>

A~� = ~bA set of linear equations

<latexit sha1_base64="npZPH6qjpy5TT3lWeqQ+ddm6leM="></latexit>

~� =

0

BBB@

�(~x0)
�(~x~r1)

...
�(~x~rN�1)

1

CCCA

<latexit sha1_base64="S7h6R5clSZsPpPwJwdbt++zKdNQ=">AAACEHicbVC7SgNBFJ31GeMramkzGIJWYVdFBZugjWUEEwPZEGZnb3RwdmaZuRsMSz7Bxl+xsVDE1tLOv3ESU/g6MHA4517unBOlUlj0/Q9vanpmdm6+sFBcXFpeWS2trTetzgyHBtdSm1bELEihoIECJbRSAyyJJFxGN6cj/7IPxgqtLnCQQidhV0r0BGfopG5pO+wDz6MhDRFukeaUhsc00pmKmRlQrlUsRoPDbqnsV/0x6F8STEiZTFDvlt7DWPMsAYVcMmvbgZ9iJ2cGBZcwLIaZhZTxG3YFbUcVS8B28nGgIa04JaY9bdxTSMfq942cJdYOEvftSsLw2v72RuJ/XjvD3lEnFyrNEBT/OtTLJEVNR+3QWBjgKAeOMG5cdE75NTOMo+uw6EoIfkf+S5q71eCgune+X66dTOookE2yRXZIQA5JjZyROmkQTu7IA3kiz9699+i9eK9fo1PeZGeD/ID39glNYJzI</latexit>

~b boundary condition

<latexit sha1_base64="LQjfrB4wl0mWpCnWjcZMG7Ti5Qw=">AAACEXicbVC7TsNAEDzzJrwClDQnIiQaIhsQINHwKigoQCKAFEfR+rKGE2efdbdGRFZ+gYZfoaEAIVo6Ov6GS0jBa6rRzK52dqJMSUu+/+ENDA4Nj4yOjZcmJqemZ8qzc2dW50ZgTWilzUUEFpVMsUaSFF5kBiGJFJ5H1/td//wGjZU6PaV2ho0ELlMZSwHkpGZ5eZeHhLdU8HCbH0GmQCDXGRogbZzW4SvhASqCZrniV/0e+F8S9EmF9XHcLL+HLS3yBFMSCqytB35GjQIMSaGwUwpzixmIa7jEuqMpJGgbRe+jDl9ySovHLkKsU+I99ftGAYm17SRykwnQlf3tdcX/vHpO8VajkGmWE6bi61CcK06ad+vhLWlQkGo7AsJIl5WLKzAgyJVYciUEv1/+S85Wq8FGde1kvbKz169jjC2wRbbMArbJdtghO2Y1Jtgde2BP7Nm79x69F+/1a3TA6+/Msx/w3j4BXAicHA==</latexit>

A Laplace operator ��

Δϕ( ⃗r ) = −
1
ϵ0

ρ( ⃗r ) ϕ( ⃗r ) =
1
2d

d

∑
i=1

(ϕ( ⃗r + h ⃗e i) + ϕ( ⃗r − h ⃗e i)) +
h2

2dϵ0
ρ( ⃗r )



Matrix-Formulation

<latexit sha1_base64="GY+OU4glTsBEBtnOKnYSgIG+zV0=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFcFUSFXUjVN24rGAv0IQymU7boZMLM5NCCPFV3LhQxK0P4s63cZpmoa0/DHz85xzOmd+LOJPKsr6N0srq2vpGebOytb2zu2fuH7RlGAtCWyTkoeh6WFLOAtpSTHHajQTFvsdpx5vczeqdKRWShcGjSiLq+ngUsCEjWGmrb1ZvnCklqRONWXado5f1zZpVt3KhZbALqEGhZt/8cgYhiX0aKMKxlD3bipSbYqEY4TSrOLGkESYTPKI9jQH2qXTT/PgMHWtngIah0C9QKHd/T6TYlzLxPd3pYzWWi7WZ+V+tF6vhlZuyIIoVDch80TDmSIVolgQaMEGJ4okGTATTtyIyxgITpfOq6BDsxS8vQ/u0bl/Uzx7Oa43bIo4yHMIRnIANl9CAe2hCCwgk8Ayv8GY8GS/Gu/Exby0ZxUwV/sj4/AEX5pUS</latexit>

A~� = ~b

<latexit sha1_base64="3X3+1dvNDU+VUEPXR2nGw23aCsg=">AAACXXicbZFNTwIxEIa7qyggIurBg5dGYuKJ7AICR6IXj5jIR8IS0i0DNHS7m7ZrJBv+pDe9+FcsH9moOEmTJ+/MZGbe+hFnSjvOh2UfHGaOjrO5/EnhtHhWOr/oqTCWFLo05KEc+EQBZwK6mmkOg0gCCXwOfX/xuM73X0EqFooXvYxgFJCZYFNGiTbSuKQ9H2ZMJFFAtGRvK+xFczZ2sOdtyU2pmlItpXpK9yk1Umqm1MIeiEk6ZFwqOxVnE3gf3B2U0S4649K7NwlpHIDQlBOlhq4T6VFCpGaUwyrvxQoiQhdkBkODggSgRsnGnRW+NcoET0NpntB4o/7sSEig1DLwTaXZb67+5tbif7lhrKetUcJEFGsQdDtoGnOsQ7y2Gk+YBKr50gChkpldMZ0TSag2H5I3Jrh/T96HXrXiNiq153q5/bCzI4uu0Q26Qy5qojZ6Qh3URRR9WsjKWXnry87YBbu4LbWtXc8l+hX21TePl7Hg</latexit>0

BBBBBBBBBBBB@

�0

�1

�2

�3

�4

�5

�6

�7

�8

1

CCCCCCCCCCCCA

<latexit sha1_base64="njBGnVyyCMcwZ+b+agrCJY6feGw="></latexit>0

BBBBBBBBBBBB@

b0
b1
b2
b3
b4
b5
b6
b7
b8

1

CCCCCCCCCCCCA

<latexit sha1_base64="0AmHPyfkIPaHYCPgrQIhWXuc3fk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqBch6MVjAuYByRJmJ51kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwupv6zSdUmkfywYxj9EM6kLzPGTVWqt10iyW37M5AlomXkRJkqHaLX51exJIQpWGCat323Nj4KVWGM4GTQifRGFM2ogNsWyppiNpPZ4dOyIlVeqQfKVvSkJn6eyKlodbjMLCdITVDvehNxf+8dmL6137KZZwYlGy+qJ8IYiIy/Zr0uEJmxNgSyhS3txI2pIoyY7Mp2BC8xZeXSeOs7F2Wz2sXpcptFkcejuAYTsGDK6jAPVShDgwQnuEV3pxH58V5dz7mrTknmzmEP3A+fwCPaYzJ</latexit>=

 A is symmetric
<latexit sha1_base64="LS1qI57rKTnejhpM+RoOB2rO8dM=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9lVUS9CqxePFfoF7VqyabYNTbJLkhXK0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0d3Ubz1RpVkk62YcU1/ggWQhI9hYqVV9TOuTm2qvWHLL7gxomXgZKUGGWq/41e1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns3Mn6MQqfRRGypY0aKb+nkix0HosAtspsBnqRW8q/ud1EhNe+ymTcWKoJPNFYcKRidD0d9RnihLDx5Zgopi9FZEhVpgYm1DBhuAtvrxMmmdl77J8/nBRqtxmceThCI7hFDy4ggrcQw0aQGAEz/AKb07svDjvzse8NedkM4fwB87nD79GjzE=</latexit>

AT = A

 A is sparse
<latexit sha1_base64="lpERgPQFCoqXVwDES2rdPNMH5sc="></latexit>

Aii = 2d,Aij = �1 only if hi, ji

 A is positive definite
<latexit sha1_base64="YdRrSXBTrCk7RKrFnmyH/M1db6o=">AAACG3icbZC7TsNAEEXXvAmvACXNigiJAkV2QECFeDSUIBGIFIdovRknq6zXZnccEVn+Dxp+hYYChKiQKPgbnOACEqY6undGM3O9SAqDtv1lTUxOTc/Mzs0XFhaXlleKq2vXJow1hyoPZahrHjMghYIqCpRQizSwwJNw43XPBv5ND7QRobrCfgSNgLWV8AVnmEnNYsXtAU/u09vkKj3JmR7ZO9RFuMeE+qGmKc0NV8GdTZvFkl22h0XHwcmhRPK6aBY/3FbI4wAUcsmMqTt2hI2EaRRcQlpwYwMR413WhnqGigVgGsnwt5RuZUpreIYfKqRD9fdEwgJj+oGXdQYMO2bUG4j/efUY/cNGIlQUIyj+s8iPJcWQDoKiLaGBo+xnwLgW2a2Ud5hmHLM4C1kIzujL43BdKTv75d3LvdLxaR7HHNkgm2SbOOSAHJNzckGqhJMH8kReyKv1aD1bb9b7T+uElc+skz9lfX4DxRShOg==</latexit>

~xTA~x > 0, for ~x 6= 0

Partial integration over an infinite domain



Remember what we learnt in the machine learning lecture ?

https://quantummc.xyz/wp-content/uploads/2023/03/lecture1_1.pdf
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<latexit sha1_base64="6gCZxDhrBMxP46DlIx4yVBKyChM="></latexit>

A

https://quantummc.xyz/wp-content/uploads/2023/03/lecture1_1.pdf


Gauss Elimination

Forward elimination
Eliminate x0 from 2nd and 3rd equation

Eliminate x1 from 3rd equation

<latexit sha1_base64="LzfdtnIquQ/qfg/qXkKJVY+/3vs=">AAACBHicbVDLSsNAFJ34rPUVddlNsAgVpCQq6rLqxmUF+4AmlMnkth06mYSZSaGELNz4K25cKOLWj3Dn3zhts9DWAxfOnHMvc+/xY0alsu1vY2l5ZXVtvbBR3Nza3tk19/abMkoEgQaJWCTaPpbAKIeGoopBOxaAQ59Byx/eTvzWCISkEX9Q4xi8EPc57VGClZa6ZqniKsoCSK+zE3cEJM2ffpYdd82yXbWnsBaJk5MyylHvml9uEJEkBK4Iw1J2HDtWXoqFooRBVnQTCTEmQ9yHjqYchyC9dHpEZh1pJbB6kdDFlTVVf0+kOJRyHPq6M8RqIOe9ifif10lU78pLKY8TBZzMPuolzFKRNUnECqgAothYE0wE1btaZIAFJkrnVtQhOPMnL5LmadW5qJ7dn5drN3kcBVRCh6iCHHSJaugO1VEDEfSIntErejOejBfj3fiYtS4Z+cwB+gPj8wfbF5g/</latexit>

(Ã,~̃b)

backsubstitution

Problem: after a few iterations, 
<latexit sha1_base64="E6+aystB45UAGAZBSrPgAAH50dM=">AAACBXicbVA9SwNBEN3zM8avqKUWi0GITbhTUcuojWUE8wFJCHubSbJk7/bYnRPjkcbGv2JjoYit/8HOf+Pmo9DEBwOP92aYmedHUhh03W9nbn5hcWk5tZJeXVvf2MxsbZeNijWHEldS6arPDEgRQgkFSqhGGljgS6j4vauhX7kDbYQKb7EfQSNgnVC0BWdopWZm76KZCDGgdYR7TGiOyUAZPKQPoNWgmcm6eXcEOku8CcmSCYrNzFe9pXgcQIhcMmNqnhthI2EaBZcwSNdjAxHjPdaBmqUhC8A0ktEXA3pglRZtK20rRDpSf08kLDCmH/i2M2DYNdPeUPzPq8XYPm8kIoxihJCPF7VjSVHRYSS0JTRwlH1LGNfC3kp5l2nG0QaXtiF40y/PkvJR3jvNH9+cZAuXkzhSZJfskxzxyBkpkGtSJCXCySN5Jq/kzXlyXpx352PcOudMZnbIHzifPxCzmE8=</latexit>

Aii (almost) zero Divide very small numbers, leads to breakdown

Trigonal system

Test with            matrix 3 × 3

O(n3)

O(n2)



Gauss Elimination with pivoting

Backsubstitution with trigonal system
<latexit sha1_base64="LzfdtnIquQ/qfg/qXkKJVY+/3vs=">AAACBHicbVDLSsNAFJ34rPUVddlNsAgVpCQq6rLqxmUF+4AmlMnkth06mYSZSaGELNz4K25cKOLWj3Dn3zhts9DWAxfOnHMvc+/xY0alsu1vY2l5ZXVtvbBR3Nza3tk19/abMkoEgQaJWCTaPpbAKIeGoopBOxaAQ59Byx/eTvzWCISkEX9Q4xi8EPc57VGClZa6ZqniKsoCSK+zE3cEJM2ffpYdd82yXbWnsBaJk5MyylHvml9uEJEkBK4Iw1J2HDtWXoqFooRBVnQTCTEmQ9yHjqYchyC9dHpEZh1pJbB6kdDFlTVVf0+kOJRyHPq6M8RqIOe9ifif10lU78pLKY8TBZzMPuolzFKRNUnECqgAothYE0wE1btaZIAFJkrnVtQhOPMnL5LmadW5qJ7dn5drN3kcBVRCh6iCHHSJaugO1VEDEfSIntErejOejBfj3fiYtS4Z+cwB+gPj8wfbF5g/</latexit>

(Ã,~̃b)

for bookkeeping 



LU Decomposition

<latexit sha1_base64="34jNAQGDa8+6LsHBhZ76VHNq0JI="></latexit>

Ã = MA where M = M (n�2)M (n�1) · · ·M (1)M (0)

<latexit sha1_base64="+yMhffTsCyC317V4krRNA9uCUgk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0lU1ItQ9OJFqGA/oE3LZrtp1242YXejlJD/4cWDIl79L978N27bHLT1wcDjvRlm5nkRZ0rb9re1sLi0vLKaW8uvb2xubRd2dusqjCWhNRLyUDY9rChngtY005w2I0lx4HHa8IbXY7/xSKViobjXo4i6Ae4L5jOCtZE6t52k9HCUdhPG0kunWyjaZXsCNE+cjBQhQ7Vb+Gr3QhIHVGjCsVItx460m2CpGeE0zbdjRSNMhrhPW4YKHFDlJpOrU3RolB7yQ2lKaDRRf08kOFBqFHimM8B6oGa9sfif14q1f+EmTESxpoJMF/kxRzpE4whQj0lKNB8Zgolk5lZEBlhiok1QeROCM/vyPKkfl52z8sndabFylcWRg304gBI4cA4VuIEq1ICAhGd4hTfryXqx3q2PaeuClc3swR9Ynz+3TpID</latexit>

M (j)
ii = 1

<latexit sha1_base64="EzOehF8ub0QpE00pi7cIAgmols0=">AAACE3icbVC7TsMwFHXKq5RXgZHFokIqCKoEELCACiwsSEWiD6kNkeM6rVPnIdtBqqL8Awu/wsIAQqwsbPwNbpoBKEey7vE598q+xw4ZFVLXv7Tc1PTM7Fx+vrCwuLS8Ulxda4gg4pjUccAC3rKRIIz6pC6pZKQVcoI8m5GmPbgc+c17wgUN/Fs5DInpoZ5PHYqRVJJV3Lm+i8vudmLF1E1O9zoORzg+T2/JqLqq7kIKz6BrFUt6RU8BJ4mRkRLIULOKn51ugCOP+BIzJETb0ENpxohLihlJCp1IkBDhAeqRtqI+8ogw43SnBG4ppQudgKvjS5iqPydi5Akx9GzV6SHZF3+9kfif146kc2LG1A8jSXw8fsiJGJQBHAUEu5QTLNlQEYQ5VX+FuI9ULFLFWFAhGH9XniSN/YpxVDm4OSxVL7I48mADbIIyMMAxqIIrUAN1gMEDeAIv4FV71J61N+193JrTspl18AvaxzcSHJ2l</latexit>

M (j)
ij = �Aij

Ajj
, i > j

<latexit sha1_base64="h5PoS+E3ky/Zhup2juu82jvPBj0=">AAACCXicbVA9SwNBEN3zM8avqKXNYhBiE+5U1EYI2tgIEUwiJGfY20zM6t4Hu3NqOK618a/YWChi6z+w89+4Sa7Q6IOBx3szzMzzIik02vaXNTE5NT0zm5vLzy8sLi0XVlbrOowVhxoPZaguPKZBigBqKFDCRaSA+Z6EhndzPPAbt6C0CINz7Efg+uwqEF3BGRqpXaCnl0npeittJ+I6PbRpC+EeExpiD9Sd0JC2C0W7bA9B/xInI0WSodoufLY6IY99CJBLpnXTsSN0E6ZQcAlpvhVriBi/YVfQNDRgPmg3GX6S0k2jdGg3VKYCpEP150TCfK37vmc6fYY9Pe4NxP+8ZozdAzcRQRQjBHy0qBtLiiEdxEI7QgFH2TeEcSXMrZT3mGIcTXh5E4Iz/vJfUt8uO3vlnbPdYuUoiyNH1skGKRGH7JMKOSFVUiOcPJAn8kJerUfr2Xqz3ketE1Y2s0Z+wfr4Bkkmmhs=</latexit>

M (j)
ij = 0 otherwise

are lower triangular matrices

<latexit sha1_base64="5ZMPEs05ttvP7XHVvCGXJBAH04w=">AAACD3icbZDNSsNAFIUn9a/Wv6hLN8Gi1E1JVNRNoerGhYsKpi20oUymk3boZBJmJsUS8gZufBU3LhRx69adb+M0jaKtBwY+zr2XO/e4ISVCmuanlpubX1hcyi8XVlbX1jf0za26CCKOsI0CGvCmCwWmhGFbEklxM+QY+i7FDXdwOa43hpgLErBbOQqx48MeIx5BUCqro++ft4cYxXdJ5dr+odI3HlRScJOOXjTLZipjFqwMiiBTraN/tLsBinzMJKJQiJZlhtKJIZcEUZwU2pHAIUQD2MMthQz6WDhxek9i7Cmna3gBV49JI3V/T8TQF2Lku6rTh7Ivpmtj879aK5LemRMTFkYSMzRZ5EXUkIExDsfoEo6RpCMFEHGi/mqgPuQQSRVhQYVgTZ88C/XDsnVSPro5LlYvsjjyYAfsghKwwCmogitQAzZA4B48gmfwoj1oT9qr9jZpzWnZzDb4I+39CztdnMw=</latexit>

A~x = LU~x = L(U~x) = ~b
<latexit sha1_base64="Lke4w1d5SgOWJjxRBL2AW9awHrA=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwVRIVdSMU3bhwUcE+oA1lMr1ph04mYWZSKCF/4saFIm79E3f+jdM0C209cLmHc+5l7hw/5kxpx/m2Siura+sb5c3K1vbO7p69f9BSUSIpNGnEI9nxiQLOBDQ10xw6sQQS+hza/vhu5rcnIBWLxJOexuCFZChYwCjRRurb9kNvAjSdZjd597O+XXVqTg68TNyCVFGBRt/+6g0imoQgNOVEqa7rxNpLidSMcsgqvURBTOiYDKFrqCAhKC/NL8/wiVEGOIikKaFxrv7eSEmo1DT0zWRI9EgtejPxP6+b6ODaS5mIEw2Czh8KEo51hGcx4AGTQDWfGkKoZOZWTEdEEqpNWBUTgrv45WXSOqu5l7Xzx4tq/baIo4yO0DE6RS66QnV0jxqoiSiaoGf0it6s1Hqx3q2P+WjJKnYO0R9Ynz/rb5Pb</latexit>

L~y = ~b

<latexit sha1_base64="gS7hYY7dho4uMx2KvsIpwXGdB9k=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BIvgqSQq6kUoevFYwbSFNpTNdtMu3WzC7qYYQv6JFw+KePWfePPfuE1z0NYHwzzem2Fnnx8zKpVtfxuVldW19Y3qZm1re2d3z9w/aMsoEZi4OGKR6PpIEkY5cRVVjHRjQVDoM9LxJ3czvzMlQtKIP6o0Jl6IRpwGFCOlpYFpuv0pwdlTflP0NB+YdbthF7CWiVOSOpRoDcyv/jDCSUi4wgxJ2XPsWHkZEopiRvJaP5EkRniCRqSnKUchkV5WXJ5bJ1oZWkEkdHFlFervjQyFUqahrydDpMZy0ZuJ/3m9RAXXXkZ5nCjC8fyhIGGWiqxZDNaQCoIVSzVBWFB9q4XHSCCsdFg1HYKz+OVl0j5rOJeN84eLevO2jKMKR3AMp+DAFTThHlrgAoYpPMMrvBmZ8WK8Gx/z0YpR7hzCHxifPxsPk/o=</latexit>

U~x = ~y

Forward substitution 

Backsubstitution 

Complexity still scales 

once the LU decomposition is known.

O(N3)

O(N2)

A = M−1
⏟

L

⋅ Ã
⏟
U

= L ⋅ U M( j)

Ã is upper triangular matrix

http://numerical.recipes/book/book.html

Chap.2.3. 

Our bible 

http://numerical.recipes/book/book.html


Steepest descent and Conjugate Gradient methods

Iteration times O(N )

http://numerical.recipes/book/book.html

Chap.10.8. 

Our bible 

Remember what we 
learnt in the 

machine learning 
lecture ?

https://quantummc.xyz/wp-
content/uploads/2023/03/

lecture1_1.pdf

http://numerical.recipes/book/book.html
https://quantummc.xyz/wp-content/uploads/2023/03/lecture1_1.pdf
https://quantummc.xyz/wp-content/uploads/2023/03/lecture1_1.pdf
https://quantummc.xyz/wp-content/uploads/2023/03/lecture1_1.pdf


Parabolic PDEs

Time-dependent PDEs: diffusion equation 

∂u
∂t

= D
∂2u
∂x2

tn = n ⋅ τ, n = 0,1,⋯

⃗r = r ⋅ h, r = 0,1,⋯, N − 1

u(n + 1,r) − u(n, r)
τ

= D
u(n, r + 1) − 2u(n, r) + u(n, r − 1)

h2

Also called Explicit Euler method u(n + 1,r) = u(n, r) +
Dτ
h2

(u(n, r + 1) − 2u(n, r) + u(n, r − 1))

FTCS: Forward time (FT) Centered space (CS) scheme

Gaussian wave package as a solution


(can you see this ?)
u(t, r) =

1

2πσ(t)
exp[−

r2

2σ(t)2
] σ(t) = 2Dt

th =
h2

2D
Characteristic diffusion-time Width σ Increase from 0 to  h

Stability τ < < th

∂u(t, ⃗r )
∂t

− DΔu(t, ⃗r ) = S(t, ⃗r )



Von Neumann Stability Analysis

Plane wave ansatz u(n, r) = Aneikrh

AAneikrh = Aneikrh +
Dτ
h2

(Aneikrheikh − 2Aneikrh + Aneikrhe−ikh)

u(n + 1,r) = u(n, r) +
Dτ
h2

(u(n, r + 1) − 2u(n, r) + u(n, r − 1))

A = 1 +
Dτ
h2

(eikh + e−ikh − 2)

= 1 − 2
Dτ
h2

(1 − cos(kh))

= 1 −
4Dτ
h2

sin2(
kh
2

)

|A | ≤ 1 4Dτ
h2

≤ 2 τ ≤
h2

2Dd = 1 Higher dimension d τ ≤
h2

2dD

decrease h to h/2 
decrease tau to tau/4

With maximum τ =
h2

2D
FTCS becomes u(n + 1,r) =

1
2

(u(n, r + 1) + u(n, r − 1))

Similar with the Jacobi relaxation for Poisson equation when            and            d = 1 ρ = 0

https://en.wikipedia.org/wiki/Von_Neumann_stability_analysis

https://en.wikipedia.org/wiki/Von_Neumann_stability_analysis


The Zaporizhzhia Nuclear Power 
Station (Ukrainian: Запорізька атомна 
електростанція, romanized: Zaporiz'ka atomna 
elektrostantsiia) in southeastern Ukraine is the 
largest nuclear power plant in Europe and among the 10 
largest in the world.

https://en.wikipedia.org/wiki/Ukrainian_language
https://en.wikipedia.org/wiki/Romanization_of_Ukrainian
https://en.wikipedia.org/wiki/Ukraine
https://en.wikipedia.org/wiki/Nuclear_power_plant
https://en.wikipedia.org/wiki/List_of_largest_power_stations#Nuclear
https://en.wikipedia.org/wiki/List_of_largest_power_stations#Nuclear


Diffusion of neutrons from the chain reaction of Uranium 

235U + n → 139Ba + 95Kr + 2n

∂
∂t

n(t, ⃗r ) = DΔn(t, ⃗r ) + Cn(t, ⃗r )

Diffusion constant D ≈ 105m2/s Creation rate C ≈ 108s−1

Dirichlet BC n(∂V ) = 0 V = Ld

L

Critical length Lc = π
dD
C

n(n + 1,r) = (1 + Cτ)n(n, r)FTCS

+
Dτ
h2

(u(n, r + 1) − 2u(n, r) + u(n, r − 1))

τ ≤
h2

2dD
=

h2

4DStability d = 2

D = C = 1,Lc = 2π

For 235U


