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0. Introduction

1. Differential equations
  1.1 Classical equation of motion (classical mechanics, pendulum)
  1.2 Partial differential equation relaxation methods (electromagnetism, diffusion)
  1.3 Partial differential equation in space-time (traffic flow, tsunami)

2. Eigenvalue problem
  2.1 Schrödinger equation and Hamiltonian (Harmonic oscillator, wave package) 
  2.2 Quantum lattice model and Hibert space (Heisenberg model)
  2.3 Exact diagonalization of spin chain (Spin wave, Haldane conjecture, topology)
  2.4 Matrix product state and density matrix renormalization group (DMRG)

Content 



Differential equations

Initial value problems: time-dependent equations with given initial conditions

Boundary value problems: differential equations with specific boundary values

Eigenvalues of Dirichlet problem for Laplacian

Eigenvalue problems

浮世绘，葛饰北斋，神奈川冲浪⾥Solar system Pendulum

Am. Math. Mon. 73, 1 (1966)

(1 − r)
1
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Length of circumference 

Number of holes



Classical equation of motion

Differential equations

State of dynamical system 

<latexit sha1_base64="YcD1b14VAdseBF1AX7UGjxf4lSw="></latexit>

~̇vi(t) = ~ai(~x0(t), · · · , ~xN�1(t),~v0(t), · · · ,~vN�1(t), t)

<latexit sha1_base64="iwQmeU6IJc5+/OwapHQMiiOTbgE=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCGVpUoQCBakChbGItGH1EaV4zqtVech+6aiijKz8CssDCDEyhew8Te4aQZoOZKlc8+51/Y9biS4Asv6NgpLyyura8X10sbm1vaOubvXVGEsKWvQUISy7RLFBA9YAzgI1o4kI74rWMsd3Uz91phJxcPgHiYRc3wyCLjHKQEt9czDbj+EpDtmNHlI0x6vwAm+wlk9npU9s2xVrQx4kdg5KaMc9Z75pe+ksc8CoIIo1bGtCJyESOBUsLTUjRWLCB2RAetoGhCfKSfJVknxsVb62AulPgHgTP09kRBfqYnv6k6fwFDNe1PxP68Tg3fpJDyIYmABnT3kxQJDiKe54D6XjIKYaEKo5PqvmA6JJBR0eiUdgj2/8iJpnlbt86p1d1auXedxFNEBOkIVZKMLVEO3qI4aiKJH9Ixe0ZvxZLwY78bHrLVg5DP76A+Mzx+yLJo9</latexit>

~̇xi(t) = ~vi(t)

Gravitation (such as solar system)
<latexit sha1_base64="XYElBldS2seyUmM0Tcv473fkF80="></latexit>

~ai(~x0(t), · · · , ~xN�1(t)) = G
X

j 6=i

mj

|~xj(t)� ~xi(t)|3
[~xj(t)� ~xi(t)]

<latexit sha1_base64="7nwxhpipOxxqNIjThJCZWuQ1uYU=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBQy2JKHoRil48SQX7AW0om82mXbrJht1JoYT+Ey8eFPHqP/Hmv3Hb5qCtDwYe780wM89PBNfgON9WYWV1bX2juFna2t7Z3bP3D5papoqyBpVCqrZPNBM8Zg3gIFg7UYxEvmAtf3g39VsjpjSX8ROME+ZFpB/zkFMCRurZNr9xKm6lSwMJuvJw5vbsslN1ZsDLxM1JGeWo9+yvbiBpGrEYqCBad1wnAS8jCjgVbFLqppolhA5Jn3UMjUnEtJfNLp/gE6MEOJTKVAx4pv6eyEik9TjyTWdEYKAXvan4n9dJIbz2Mh4nKbCYzheFqcAg8TQGHHDFKIixIYQqbm7FdEAUoWDCKpkQ3MWXl0nzvOpeVp3Hi3LtNo+jiI7QMTpFLrpCNXSP6qiBKBqhZ/SK3qzMerHerY95a8HKZw7RH1ifPxHakf8=</latexit>

i = 0, 1, · · · , N � 1

<latexit sha1_base64="jPW6gdkwuYyUIWxg+27FPYBW1hc="></latexit>

~x(t) =

0

BBB@

~x0(t)
~x1(t)
...

~xN�1(t)

1

CCCA

<latexit sha1_base64="r+Mi9c7JZKIsErufh4sbQWJZTuE=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KKUpCi6EYpuXFawD2hDmEwm7dDJg5kboYRu/BU3LhRx62e482+ctFlo64F7OZxzLzP3eIngCizr2yitrK6tb5Q3K1vbO7t75v5BR8WppKxNYxHLnkcUEzxibeAgWC+RjISeYF1vfJv73UcmFY+jB5gkzAnJMOIBpwS05JpHcA2uVcPg2nlr1PCA+jEo16xadWsGvEzsglRRgZZrfg38mKYhi4AKolTfthJwMiKBU8GmlUGqWELomAxZX9OIhEw52eyAKT7Vio+DWOqKAM/U3xsZCZWahJ6eDAmM1KKXi/95/RSCKyfjUZICi+j8oSAVGGKcp4F9LhkFMdGEUMn1XzEdEUko6MwqOgR78eRl0mnU7Yu6dX9ebd4UcZTRMTpBZ8hGl6iJ7lALtRFFU/SMXtGb8WS8GO/Gx3y0ZBQ7h+gPjM8f5n6Urw==</latexit>

t = t0, t1, t2, · · ·
<latexit sha1_base64="E8D70Gr71+Grbk2EmZlfOEn2EZY=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYBEEsiSi6EYpuXFawF2hDmEyn7dDJJMycCCVm4au4caGIW1/DnW/jNO1CW38Y+PjPOZwzfxALrsFxvq3CwuLS8kpxtbS2vrG5ZW/vNHSUKMrqNBKRagVEM8ElqwMHwVqxYiQMBGsGw5txvfnAlOaRvIdRzLyQ9CXvcUrAWL691wGS4CsMfiqP3Qyf5JT5dtmpOLnwPLhTKKOpar791elGNAmZBCqI1m3XicFLiQJOBctKnUSzmNAh6bO2QUlCpr00vz/Dh8bp4l6kzJOAc/f3REpCrUdhYDpDAgM9Wxub/9XaCfQuvZTLOAEm6WRRLxEYIjwOA3e5YhTEyAChiptbMR0QRSiYyEomBHf2y/PQOK245xXn7qxcvZ7GUUT76AAdIRddoCq6RTVURxQ9omf0it6sJ+vFerc+Jq0Fazqzi/7I+vwBKZqU6Q==</latexit>

⌧ = tn+1 � tn

Discretization

<latexit sha1_base64="8d9iXpXJLuyhd6Wkwfbpbe5qU7A=">AAACHHicbVDLSgMxFM3UV62vUZdugkVoQcqMD3QjFN24rGAf0JaSSdM2NPMguVMsw3yIG3/FjQtF3LgQ/Bsz01lo64GQk3PP5eYeJxBcgWV9G7ml5ZXVtfx6YWNza3vH3N1rKD+UlNWpL3zZcohignusDhwEawWSEdcRrOmMb5J6c8Kk4r53D9OAdV0y9PiAUwJa6pmnnb4PUWfCaDSJ4xKU8RVOXyQupfdDIh5nhoRCuWcWrYqVAi8SOyNFlKHWMz/1FBq6zAMqiFJt2wqgGxEJnAoWFzqhYgGhYzJkbU094jLVjdLlYnyklT4e+FIfD3Cq/u6IiKvU1HW00yUwUvO1RPyv1g5hcNmNuBeEwDw6GzQIBQYfJ0nhPpeMgphqQqjk+q+YjogkFHSeBR2CPb/yImmcVOzzinV3VqxeZ3Hk0QE6RCVkowtURbeohuqIokf0jF7Rm/FkvBjvxsfMmjOynn30B8bXD/MQoT4=</latexit>

~̇v(t) = ~a(~x(t),~v(t), t)
<latexit sha1_base64="s8ndxHSnhUgL5WAQkohC/XRbETw=">AAACBnicbVDLSgMxFM3UV62vUZciBItQN2VGFN0IRTcuK9gHtEPJpGkbmnmQ3CmWYVZu/BU3LhRx6ze482/MTGehrQcC555zb5J73FBwBZb1bRSWlldW14rrpY3Nre0dc3evqYJIUtaggQhk2yWKCe6zBnAQrB1KRjxXsJY7vkn91oRJxQP/HqYhczwy9PmAUwJa6pmH3X4AcXfCaPyQJBU4wVc4qyZp0TPLVtXKgBeJnZMyylHvmV/6Php5zAcqiFId2wrBiYkETgVLSt1IsZDQMRmyjqY+8Zhy4myNBB9rpY8HgdTHB5ypvydi4ik19Vzd6REYqXkvFf/zOhEMLp2Y+2EEzKezhwaRwBDgNBPc55JREFNNCJVc/xXTEZGEgk6upEOw51deJM3Tqn1ete7OyrXrPI4iOkBHqIJsdIFq6BbVUQNR9Iie0St6M56MF+Pd+Ji1Fox8Zh/9gfH5A455mIU=</latexit>

~̇x(t) = ~v(t)

<latexit sha1_base64="5IToDUHGvkkziotMkMPjNCqSyG4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegBz0mYB6QLGF20knGzM4uM7NCWPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj26nffEKleSQfzDhGP6QDyfucUWOl2l23WHLL7gxkmXgZKUGGarf41elFLAlRGiao1m3PjY2fUmU4EzgpdBKNMWUjOsC2pZKGqP10duiEnFilR/qRsiUNmam/J1Iaaj0OA9sZUjPUi95U/M9rJ6Z/7adcxolByeaL+okgJiLTr0mPK2RGjC2hTHF7K2FDqigzNpuCDcFbfHmZNM7K3mX5vHZRqtxkceThCI7hFDy4ggrcQxXqwADhGV7hzXl0Xpx352PemnOymUP4A+fzB56RjNM=</latexit>

G Gravitational constant

<latexit sha1_base64="yiuj2e83Eh1VDAXtX1xCUb7G6iw="></latexit>

~v(t) =

0

BBB@

~v0(t)
~v1(t)
...

~vN�1(t)

1

CCCA



Classical equation of motion

Harmonic Oscillator

⃗a (t) = · ⃗v (t) = −
k
m

x(t)

· ⃗x (t) = ⃗v (t)



 Initial value problem 

Euler (tau^2) 


Verlet (tau^4, time-reversal)


Velocity Verlet (variant of Verlet 1)


Leap-frog (variant of Verlet 2, less roundoff error)


Runge-Kutta (tau^5, workhorse)


LeapFrog Enterprises, Inc. is the leader in 
innovative solutions that encourage a child's 
curiosity and love of learning throughout their 
early developmental journey.



Classical equation of motion

Harmonic Oscillator <latexit sha1_base64="oc8GjXrHdwD93yF8iwvIN5Ylk0g=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKohch6MVjBPOAZA2zk9lkyOyDmd5oWPIfXjwo4tV/8ebfOEn2oIkFDUVV90x3ebEUGm3721paXlldW89t5De3tnd2C3v7dR0livEai2Skmh7VXIqQ11Cg5M1YcRp4kje8wc3Ebwy50iIK73EUczegvVD4glE00kO7G2H6NC7hCbkiw06haJftKcgicTJShAzVTuHLPMCSgIfIJNW65dgxuilVKJjk43w70TymbEB7vGVoSAOu3XS69ZgcG6VL/EiZCpFM1d8TKQ20HgWe6Qwo9vW8NxH/81oJ+pduKsI4QR6y2Ud+IglGZBIB6QrFGcqRIZQpYXYlrE8VZWiCypsQnPmTF0n9tOycl+27s2LlOosjB4dwBCVw4AIqcAtVqAEDBc/wCm/Wo/VivVsfs9YlK5s5gD+wPn8AeQeR1Q==</latexit>

ẋ(t) = v

<latexit sha1_base64="zcJh90ags/P3NMNxDlNWvzqFe7c=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahLiwzouhGKLpxWcE+oB1KJs20ocnMkNwplmHAjb/ixoUibv0Jd/6N6WOh1QMXDufcm9x7/FhwDY7zZeUWFpeWV/KrhbX1jc0te3unrqNEUVajkYhU0yeaCR6yGnAQrBkrRqQvWMMfXI/9xpApzaPwDkYx8yTphTzglICROvZeuxtBOsxKcIQv8XE7UISmgyyV2X3HLjplZwL8l7gzUkQzVDv2p3mMJpKFQAXRuuU6MXgpUcCpYFmhnWgWEzogPdYyNCSSaS+d3JDhQ6N0cRApUyHgifpzIiVS65H0Tack0Nfz3lj8z2slEFx4KQ/jBFhIpx8FicAQ4XEguMsVoyBGhhCquNkV0z4xMYCJrWBCcOdP/kvqJ2X3rOzcnhYrV7M48mgfHaASctE5qqAbVEU1RNEDekIv6NV6tJ6tN+t92pqzZjO76Besj293m5dr</latexit>

v̇(t) = � k

m
x

Driven Pendulum

<latexit sha1_base64="xgKCUVY+PqpEEA8aNiy9/VHFBB4="></latexit>

v̇(t) = �g

l
sin(x)� �ẋ+Q sin(⌦t)

<latexit sha1_base64="oc8GjXrHdwD93yF8iwvIN5Ylk0g=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKohch6MVjBPOAZA2zk9lkyOyDmd5oWPIfXjwo4tV/8ebfOEn2oIkFDUVV90x3ebEUGm3721paXlldW89t5De3tnd2C3v7dR0livEai2Skmh7VXIqQ11Cg5M1YcRp4kje8wc3Ebwy50iIK73EUczegvVD4glE00kO7G2H6NC7hCbkiw06haJftKcgicTJShAzVTuHLPMCSgIfIJNW65dgxuilVKJjk43w70TymbEB7vGVoSAOu3XS69ZgcG6VL/EiZCpFM1d8TKQ20HgWe6Qwo9vW8NxH/81oJ+pduKsI4QR6y2Ud+IglGZBIB6QrFGcqRIZQpYXYlrE8VZWiCypsQnPmTF0n9tOycl+27s2LlOosjB4dwBCVw4AIqcAtVqAEDBc/wCm/Wo/VivVsfs9YlK5s5gD+wPn8AeQeR1Q==</latexit>

ẋ(t) = v

<latexit sha1_base64="Yjo1pbZIsMwHLf4MxGYCIKq4bg8=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbB07pbFOtBKHrxWMF+QLuWbJq2oUl2SbJCWfo3vHhQxKt/xpv/xrTdg7Y+GHi8N8PMvDDmTBvP+3ZyK6tr6xv5zcLW9s7uXnH/oKGjRBFaJxGPVCvEmnImad0ww2krVhSLkNNmOLqd+s0nqjSL5IMZxzQQeCBZnxFsrNQZXF+5FR+JM/1Y7hZLnuvNgJaJn5ESZKh1i1+dXkQSQaUhHGvd9r3YBClWhhFOJ4VOommMyQgPaNtSiQXVQTq7eYJOrNJD/UjZkgbN1N8TKRZaj0VoOwU2Q73oTcX/vHZi+pUgZTJODJVkvqifcGQiNA0A9ZiixPCxJZgoZm9FZIgVJsbGVLAh+IsvL5NG2fUvXO/+vFS9yeLIwxEcwyn4cAlVuIMa1IFADM/wCm9O4rw4787HvDXnZDOH8AfO5w+ynpAp</latexit>

g = 9.81m/s2

<latexit sha1_base64="NM/5d4OYsPI3ReXqj19oecryUOI=">AAACDHicbVC7SgNBFJ31GeMramkzGASrsCuKlkEbywjmAdklzE7uJkNmdpeZu2JY8gE2/oqNhSK2foCdf+PkUWjigYHDOedy554wlcKg6347S8srq2vrhY3i5tb2zm5pb79hkkxzqPNEJroVMgNSxFBHgRJaqQamQgnNcHA99pv3oI1I4jscphAo1otFJDhDK3VKZb/HlGLUR3jAnEZa8LFBeQKRTQmIcWRTbsWdgC4Sb0bKZIZap/TldxOeKTvMJTOm7bkpBjnTKLiEUdHPDKSMD1gP2pbGTIEJ8skxI3pslS6NEm1fjHSi/p7ImTJmqEKbVAz7Zt4bi/957QyjyyAXcZohxHy6KMokxYSOm6FdoYGjHFrCuBb2r5T3mWYcbX9FW4I3f/IiaZxWvPOKe3tWrl7N6iiQQ3JETohHLkiV3JAaqRNOHskzeSVvzpPz4rw7H9PokjObOSB/4Hz+AEJDm8I=</latexit>

� friction coe�cient

<latexit sha1_base64="jdalUqT5AMnOySm+pnJlqnvUBxM=">AAACFXicbVDLSgMxFM34rPVVdekmWAQXUmZE0WXRjcsWbBXaUjKZO20wkwzJnWIZ+hNu/BU3LhRxK7jzb0wfC18HAodz7uXknjCVwqLvf3pz8wuLS8uFleLq2vrGZmlru2l1Zjg0uJba3ITMghQKGihQwk1qgCWhhOvw9mLsXw/AWKHVFQ5T6CSsp0QsOEMndUuHddpGuMOcWjSgetinOqYpGKEjwWlkxECoHo21ixt1S2W/4k9A/5JgRspkhlq39NGONM8SUMgls7YV+Cl2cmZQcAmjYjuzkDJ+y3rQclSxBGwnn1w1ovtOicbJ7imkE/X7Rs4Sa4dJ6CYThn372xuL/3mtDOOzTi5UmiEoPg2KM0lR03FFNBIGOMqhI4wb4f5KeZ8ZxtEVWXQlBL9P/kuaR5XgpOLXj8vV81kdBbJL9sgBCcgpqZJLUiMNwsk9eSTP5MV78J68V+9tOjrnzXZ2yA9471+sGJ8m</latexit>

Q strength of periodic driving force

<latexit sha1_base64="lWPCMlEkQuuNXXRC7XVNR08Os1s=">AAACCXicbVC7SgNBFJ2NrxhfUUubwSBYhV1RtAza2BnBPCAJYXZyNxkyO7vO3A2GJa2Nv2JjoYitf2Dn3zh5FJp4YOBwzr3cOcePpTDout9OZml5ZXUtu57b2Nza3snv7lVNlGgOFR7JSNd9ZkAKBRUUKKEea2ChL6Hm96/Gfm0A2ohI3eEwhlbIukoEgjO0UjtPmzchdBltIjxgSjtaDITq0kDDfQKKD0ftfMEtuhPQReLNSIHMUG7nv5qdiCchKOSSGdPw3BhbKdMouIRRrpkYiBnvsy40LFUsBNNKJ0lG9MgqHRpE2j6FdKL+3khZaMww9O1kyLBn5r2x+J/XSDC4aKVCxQnaWNNDQSIpRnRcC+0IDRzl0BLGtbB/pbzHNONoy8vZErz5yIukelL0zoru7WmhdDmrI0sOyCE5Jh45JyVyTcqkQjh5JM/klbw5T86L8+58TEczzmxnn/yB8/kD2cSacg==</latexit>

⌦ driving frequency

<latexit sha1_base64="C6BVUQr8lijyZnuCmKYhdI1niA4=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVEFN0IRTfurGAf0IRyM5mkQ2eSODMRSunGX3HjQhG3foY7/8Zpm4W2Hrhw5px7mXtPkHGmtON8WwuLS8srq6W18vrG5ta2vbPbVGkuCW2QlKeyHYCinCW0oZnmtJ1JCiLgtBX0r8d+65FKxdLkXg8y6guIExYxAtpIXXvfi0EIuHSw95BDiL1bQWPz7NoVp+pMgOeJW5AKKlDv2l9emJJc0EQTDkp1XCfT/hCkZoTTUdnLFc2A9CGmHUMTEFT5w8kBI3xklBBHqTSVaDxRf08MQSg1EIHpFKB7atYbi/95nVxHF/6QJVmuaUKmH0U5xzrF4zRwyCQlmg8MASKZ2RWTHkgg2mRWNiG4syfPk+ZJ1T2rOnenldpVEUcJHaBDdIxcdI5q6AbVUQMRNELP6BW9WU/Wi/VufUxbF6xiZg/9gfX5A/dIlVo=</latexit>

� = 0 ⌦ = 0
<latexit sha1_base64="L2X0jn12LVOBqmWM+sbeNoJWiQI=">AAACHHicbZC/ThtBEMb3CCTghGBCSbPCipTKuktApLRIkxIkDEi2Zc2t5+yV989pdw7ZOvlBaHiVNCkSRWkokHgb9owLsJnq0/fNaGZ+aa6kpzh+iNberG+8fbe5VXv/YfvjTn3304W3hRPYFlZZd5WCRyUNtkmSwqvcIehU4WU6/lHll9fovLTmnKY59jQMjcykAApWv/6tSzihcmjR8xTEmJPlI3DaGim49UIqBWQdB+Jeg1J8xif9eiNuxvPiqyJZiAZb1Gm/ftcdWFFoNCQUeN9J4px6JTiSQuGs1i085mE5DLETpAGNvlfOn5vxz8EZ8CzckFlDfO4+nyhBez/VaejUQCO/nFXma1mnoOx7r5QmLwiNeFqUFaoiUJHiA+lQkJoGAcLJcCsXAQ0ICjxrAUKy/PKquPjaTI6a8dlho3WywLHJ9tkB+8ISdsxa7Cc7ZW0m2A37xf6wv9Ft9Dv6F/1/al2LFjN77EVF94/qA6Hb</latexit>

goes back to harmonic oscillator at small x

Stoke’s frictionSoliton solution

https://www.youtube.com/watch?v=_TSp6KkMbP4Many interesting videos 

https://www.youtube.com/watch?v=_TSp6KkMbP4
https://www.youtube.com/watch?v=_TSp6KkMbP4


<latexit sha1_base64="jgCUUWxAC5WEyVL2lovPgjkPLDw=">AAACGnicbVDLSgMxFM34tr6qLt0Ei6CIZUZF3QiiG3e2YFXolHInTWtokhmSO9Iy9Dvc+CtuXCjiTtz4N6aPha8DFw7n3Jvce6JECou+/+mNjU9MTk3PzObm5hcWl/LLK1c2Tg3jFRbL2NxEYLkUmldQoOQ3ieGgIsmvo/ZZ37++48aKWF9iN+E1BS0tmoIBOqmeD8JGI8as0zveaYdW6M3O1k7YAqWAhkNjuzzQwwvFW0Bxq54v+EV/APqXBCNSICOU6vl39xJLFdfIJFhbDfwEaxkYFEzyXi5MLU+AtaHFq45qUNzWssFpPbrhlAZtxsaVRjpQv09koKztqsh1KsBb+9vri/951RSbR7VM6CRFrtnwo2YqKca0nxNtCMMZyq4jwIxwu1J2CwYYujRzLoTg98l/ydVuMTgo7pX3CyenozhmyBpZJ5skIIfkhJyTEqkQRu7JI3kmL96D9+S9em/D1jFvNLNKfsD7+AJKs6Bj</latexit>

ẍ = �k sin(x)� �ẋ+Q sin(⌦t)
<latexit sha1_base64="UGJOgxn2tc/88/SJitfxB9CHg9k=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU91VUS+FohePFewHtEvJptk2bDZZkqxQlv4ILx4U8erv8ea/MW33oK0PBh7vzTAzL0g408Z1v53Cyura+kZxs7S1vbO7V94/aGmZKkKbRHKpOgHWlDNBm4YZTjuJojgOOG0H0d3Ubz9RpZkUj2acUD/GQ8FCRrCxUjuqDc94zeuXK27VnQEtEy8nFcjR6Je/egNJ0pgKQzjWuuu5ifEzrAwjnE5KvVTTBJMID2nXUoFjqv1sdu4EnVhlgEKpbAmDZurviQzHWo/jwHbG2Iz0ojcV//O6qQlv/IyJJDVUkPmiMOXISDT9HQ2YosTwsSWYKGZvRWSEFSbGJlSyIXiLLy+T1nnVu6pePFxW6rd5HEU4gmM4BQ+uoQ730IAmEIjgGV7hzUmcF+fd+Zi3Fpx85hD+wPn8AUP4juA=</latexit>

k = g/l = 1
<latexit sha1_base64="D5Na82wnsD+3oHwaOnfelmni+tc=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBg5ZERT0WvXisYD8giWWz3bRLN5uwu1FL6P/w4kERr/4Xb/4bt20O2vpg4PHeDDPzgoQzpW372yosLC4trxRXS2vrG5tb5e2dpopTSWiDxDyW7QArypmgDc00p+1EUhwFnLaCwfXYbz1QqVgs7vQwoX6Ee4KFjGBtpPsnjwn32EvYkSm/U67YVXsCNE+cnFQgR71T/vK6MUkjKjThWCnXsRPtZ1hqRjgdlbxU0QSTAe5R11CBI6r8bHL1CB0YpYvCWJoSGk3U3xMZjpQaRoHpjLDuq1lvLP7nuakOL/2MiSTVVJDpojDlSMdoHAHqMkmJ5kNDMJHM3IpIH0tMtAmqZEJwZl+eJ82TqnNePb09q9Su8jiKsAf7cAgOXEANbqAODSAg4Rle4c16tF6sd+tj2lqw8pld+APr8wcDY5I0</latexit>

x 2 [�⇡,⇡]<latexit sha1_base64="CTsvYFw607aISSvp0YhPkZfolvA=">AAACKnicbVDLThtBEJwFwsNJwJAjlxFWpJysXYhIjgQuHEHCD8lrWb3jtj1iHpuZXhRr5e/hwq9w4UCEcs2HMH4cwNDSSKWqru7pynIlPcXxU7SyuvZhfWNzq/Lx0+ftneruXtPbwglsCKusa2fgUUmDDZKksJ07BJ0pbGXXZ1O9dYPOS2uuaJxjV8PQyIEUQIHqVX+lQ9AaeGrwN495SviHSg6mzyf88jVpbOBBjSmYFfdWFdMRk161FtfjWfG3IFmAGlvURa/6kPatKDQaEgq87yRxTt0SXBiscFJJC485iGsYYidAAxp9t5ydOuFfA9PnA+vCM8Rn7EtHCdr7sc5CpwYa+WVtSr6ndQoa/OyW0uQFoRHzRYNCcbJ8mhvvS4eC1DgAEE6Gv3IxAgeCQrqVEEKyfPJb0DysJ8f1o8vvtZPTRRybbJ8dsG8sYT/YCTtnF6zBBLtl9+yR/Y3uoofoKfo3b12JFp4v7FVF/58BiOWmzg==</latexit>

� 6= 0 and Q 6= 0 no analytical solution

With friction only, damping In phase space, attractor

γ ≠ 0 and Q = 0



Initial damping and transient behaviour 

Driving force with frequency 
<latexit sha1_base64="RNwyR/ZPKNGGD87dGG6PrzpUGyI=">AAAB73icbVDLSgNBEOz1GeMr6tHLYhA8hd0o6kUIevFmBPOAJITZSW8yZGZ2nZkVwpKf8OJBEa/+jjf/xkmyB00saCiquunuCmLOtPG8b2dpeWV1bT23kd/c2t7ZLezt13WUKIo1GvFINQOikTOJNcMMx2askIiAYyMY3kz8xhMqzSL5YEYxdgTpSxYySoyVmu07gX1yVe4Wil7Jm8JdJH5GipCh2i18tXsRTQRKQznRuuV7semkRBlGOY7z7URjTOiQ9LFlqSQCdSed3jt2j63Sc8NI2ZLGnaq/J1IitB6JwHYKYgZ63puI/3mtxISXnZTJODEo6WxRmHDXRO7kebfHFFLDR5YQqpi91aUDogg1NqK8DcGff3mR1Msl/7x0en9WrFxnceTgEI7gBHy4gArcQhVqQIHDM7zCm/PovDjvzsesdcnJZg7gD5zPH1i9j4Y=</latexit>

⌦ = 2

In phase space, cyclic attractor

Period
<latexit sha1_base64="q/N7XslIYFmfoaHIvl1fLRi4aJQ=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUmqqBuh6MadFfqCJoTJdNIOnZmEmYlQQjZu/BU3LhRx6z+482+cPhbaeuDC4Zx7ufeeMGFUacf5tgpLyyura8X10sbm1vaOvbvXUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDsc3oz99gORisaioUcJ8TnqCxpRjLSRAvuwEXh3nPTRlRdJhLOql9A8m0p5YJedijMBXCTujJTBDPXA/vJ6MU45ERozpFTXdRLtZ0hqihnJS16qSILwEPVJ11CBOFF+Nvkih8dG6cEolqaEhhP190SGuFIjHppOjvRAzXtj8T+vm+ro0s+oSFJNBJ4uilIGdQzHkcAelQRrNjIEYUnNrRAPkElDm+BKJgR3/uVF0qpW3PPK6f1ZuXY9i6MIDsAROAEuuAA1cAvqoAkweATP4BW8WU/Wi/VufUxbC9ZsZh/8gfX5A3nwmJQ=</latexit>

T⌦ =
2⇡

⌦

The original period T = 2π
l
g

= 2π
m
k

= 2πγ ≠ 0 and Q ≠ 0



Asymmetric attractor

Spontaneous breaking of reflection symmetry Period doubling Further period doubling 

Chaotic attractor

The motion never closes, 
the attractor fills a finite 

region of the phase space

(x, v) ≠ (−x, − v) Q = 1.06, T = TΩ Q = 1.07, T = 2TΩ Q = 1.08, T = 4TΩ

Q = 1.2



Chaos theory https://en.wikipedia.org/wiki/Chaos_theory

https://en.wikipedia.org/wiki/Chaos_theory#/media/File:Double-compound-pendulum.gif

Butterfly effect 
Self-similarity 
fractals 
Self-organization 

Romanesco broccoli

⻄兰花

Hausdorff dimensionality  
Poincare section 

Stroboscopic sampling

https://en.wikipedia.org/wiki/Chaos_theory
https://en.wikipedia.org/wiki/Chaos_theory
https://en.wikipedia.org/wiki/Chaos_theory#/media/File:Double-compound-pendulum.gif
https://en.wikipedia.org/wiki/Chaos_theory#/media/File:Double-compound-pendulum.gif


Record the velocity as x passes 0 from above 

<latexit sha1_base64="fCTEPUaBJJSKAvNOhHPsOgPcimc=">AAACFHicbZDLTgIxFIY7eEO8oS7dNBITjARnwNuGhOjGnZjIJQFCzpQCDe3MpO0QCeEh3PgqblxojFsX7nwbO8BC0ZM0/fL/56Q9vxtwprRtf1mxhcWl5ZX4amJtfWNzK7m9U1F+KAktE5/7suaCopx5tKyZ5rQWSArC5bTq9q8ivzqgUjHfu9PDgDYFdD3WYQS0kVrJo37ByeBGF4SAgp09NXwjaBcKueN8Bt+n7cPIH0S33Uqm7Kw9KfwXnBmk0KxKreRno+2TUFBPEw5K1R070M0RSM0Ip+NEI1Q0ANKHLq0b9EBQ1RxNlhrjA6O0cceX5ngaT9SfEyMQSg2FazoF6J6a9yLxP68e6s5Fc8S8INTUI9OHOiHH2sdRQrjNJCWaDw0Akcz8FZMeSCDa5JgwITjzK/+FSi7rnGXztyep4uUsjjjaQ/sojRx0joroGpVQGRH0gJ7QC3q1Hq1n6816n7bGrNnMLvpV1sc3kGiZeg==</latexit>

k = 1, � = 0.5,⌦ = 2/3, x(0) = 1, v(0) = 0

Periodic motion, discrete set of period
<latexit sha1_base64="652KMNFpNTDNugO2hmETnXY69/Y=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMegF29GyAs2S5idTJIh81hmeoWw5DO8eFDEq1/jzb9xkuxBowUNRVU33V1xIrgF3//yCiura+sbxc3S1vbO7l55/6BldWooa1IttOnExDLBFWsCB8E6iWFExoK14/HtzG8/MmO5Vg2YJCySZKj4gFMCTgpVo5d17yUbkmmvXPGr/hz4LwlyUkE56r3yZ7evaSqZAiqItWHgJxBlxACngk1L3dSyhNAxGbLQUUUks1E2P3mKT5zSxwNtXCnAc/XnREaktRMZu05JYGSXvZn4nxemMLiOMq6SFJiii0WDVGDQePY/7nPDKIiJI4Qa7m7FdEQMoeBSKrkQguWX/5LWWTW4rJ4/XFRqN3kcRXSEjtEpCtAVqqE7VEdNRJFGT+gFvXrgPXtv3vuiteDlM4foF7yPb1iBkU4=</latexit>

nT⌦

Chaotic motion, many distinct values 

Hausdorff dimensionality  
Poincare section 

Stroboscopic sampling

https://www.myphysicslab.com/pendulum/chaotic-pendulum-en.htmlMany interesting videos 

https://www.myphysicslab.com/pendulum/chaotic-pendulum-en.html
https://www.myphysicslab.com/pendulum/chaotic-pendulum-en.html


Spectral Analysis and Power Spectrum

x(t) ti = i ⋅ τ : i = 0,1,⋯, N − 1, τ =
T

N − 1
g(ω) ωk = 2π k /(Nτ) : k = 0,1,⋯, N − 1, Δω = 2π/(Nτ)

g(ωk) =
N−1

∑
i=0

e−i ωk⋅ti xi =
N−1

∑
i=0

e−i 2π k
Nτ iτ xi =

N−1

∑
i=0

(WN)ik xi WN = e−i2π/N

gk =
N−1

∑
i=0

(WN)ik xi, k = 0,1,⋯, N − 1

xi =
1
N

N−1

∑
k=0

(W*N)ki gk, i = 0,1,⋯, N − 1

=
1
N

N−1

∑
k=0

N−1

∑
j=0

(W*N)ki(WN) jk xj =
N

∑
j=0

( 1
N

N−1

∑
k=0

e−i 2π k(i−j)/N)xj =
N−1

∑
j=0

δi, j xj = xi

Starting from N time points, we have N frequencies

Direct Fourier Transformation: computational complexity O(N2)

Fast Fourier Transformation: computational complexity O(N log2 N ) Chap.12. 



P(0) =
1

N2
|g0 |2

P(k) =
1

N2 [ |gk |2 + |gN−k |2 ], k = 1,2,⋯,
N
2

− 1

P(
N
2

) =
1

N2
|gN

2
|2

Power spectrum 

assume N is even

space  <—>  momentum

time  <—>  frequency

T =
2π
Ω



Soliton in pendulum

θ = θ + π

··θ =
g
l

sin(θ)

The ball will spend most of its time 
on the peak while rapidly go 
through the other region. Showing 
a well localized excitation at 
temporal space — Soliton or 
Instanton.


Classics soliton : water wave BPST instanton: solution of equation of 
motion of SU(2) Yang-Mills theory in 
Euclidean space-time with winding-
number 1. Meaning it describe the 
transition between two topologically 
different vaccum.




