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0. Introduction

1. Differential equations
1.1 Classical equation of motion (classical mechanics, pendulum)
1.2 Partial differential equation relaxation methods (electromagnetism, diffusion)
1.3 Partial differential equation in space-time (traffic flow, tsunami)

2. Eigenvalue problem
2.1 Schrodinger equation and Hamiltonian (Harmonic oscillator, wave package)
2.2 Quantum lattice model and Hibert space (Heisenberg model)
2.3 Exact diagonalization of spin chain (Spin wave, Haldane conjecture, topology)
2.4 Matrix product state and density matrix renormalization group (DMRG)



Differential equations

¢ Initial value problems: time-dependent equations with given initial conditions

shutterstock.com » 319137437

Solar syster Pendulum P, BULE, #5)IERE

¢ Boundary value problems: differential equations with specific boundary values
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Classical equation of motion

Differential equations Ui (t) = a;(Zo(t), -, Tn_1(t),To(t), -+ ,Un_1(1),t)
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Classical equation of motion
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Initial value problem

¢ Euler (taun2)

¢ Verlet (taun4, time-reversal)

¢ Velocity Verlet (variant of Verlet 1)

¢ Leap-frog (variant of Verlet 2, less roundoff error)

¢ Runge-Kutta (tau”5, workhorse)

LeapFrog Enterprises, Inc. is the leader in
innovative solutions that encourage a child's
curiosity and love of learning throughout their
early developmental journey.




Classical equation of motion

k
v(t) = ——=x
Harmonic Oscillator - () = o
Driven Pendulum | 4 | ¥y=0 Q=0

goes back to harmonic oscillator at small x

ik-/ ) g=9.81m/s*
Soliton solution ; 1 v friction coefficient  Stoke’s friction
m Q strength of periodic driving force
() driving frequency
0(t) = —% sin(z) — v& + Q sin(Qt)
T(t) = v

Many interesting videos https://www.youtube.com/watch?v=_TSp6KkMbP4
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y#0 and Q#0 The original period T =21 L Y L
\/ k

8

In phase space, cyclic attractor
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Asymmetric attractor
Spontaneous breaking of reflection symmetry
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Chaos theory https://en.wikipedia.org/wiki/Chaos theory

https://en.wikipedia.org/wiki/Chaos theory#/media/File:Double-compound-pendulum.qif

Butterfly effect Romanesco broccoli
Self-similarity A=
fractals

Self-organization

Hausdorff dimensionality
Poincare section

Stroboscopic sampling
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Many interesting videos |5/, www.myphysicslab.com/pendulum/chaotic-pendulum-en.htm
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Spectral Analysis and Power Spectrum
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Fast Fourier Transformation: computational complexity O(N log, N) Chap.12.



Power spectrum

space <—> momentum

time <—> frequency
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Soliton in pendulum

- . 0=0+nxn
p frictionless pivot

| 0 = g sin(@)
amplitude ;6 [

massless rod
The ball will spend most of its time
on the peak while rapidly go
through the other region. Showing

bob's = ~e o i a well localized excitation at

trajectory B massive bob '
equilibrium . temporal space — Soliton or
position . ) Instanton.

Classics soliton : water wave  BPST instanton: solution of equation of
motion of SU(2) Yang-Mills theory in
Euclidean space-time with winding-
number 1. Meaning it describe the
transition between two topologically : °
different vaccum.
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