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0. Introduction

1. Differential equations
1.1 Classical equation of motion (classical mechanics, pendulum)
1.2 Partial differential equation relaxation methods (electromagnetism, diffusion)
1.3 Partial differential equation in space-time (traffic flow, tsunami)

2. Eigenvalue problem
2.1 Schrodinger equation and Hamiltonian (Harmonic oscillator, wave package)
2.2 Quantum lattice model and Hibert space (Heisenberg model)
2.3 Exact diagonalization of spin chain (Spin wave, Haldane conjecture, topology)
2.4 Matrix product state and density matrix renormalization group (DMRG)
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3. Statistical and many-body physics
3.1 Classical Monte Carlo and phase transitions (Ising model and critical phenomena)
3.2 Quantum Monte Carlo methods (Path-integral and cluster update)

4. Machine learning in physics and High performance computation
4.1 Al in quantum physics
4.2 HPC and parallelism
4.3 ...



Differential equations

€ Initial value problems: time-dependent equations with given initial conditions
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& Boundary value problems: differential equations with specific boundary values

CAN ONE HEAR THE SHAPE OF A DRUM?

MARK KAC, The Rockefeller University, New York
To George Eugene Uhlenbeck on the occasion of his sixty-fifth birthday

€ Am. Math. Mon. 73, 1 (1966)

Eigenvalues of Dirichlet problem for Laplacian
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Classical equation of motion

Differential equations 7i(t) = a (X o(0), X 1(0), =, X ny_15 Vo), V@), -+, V y_1(0); 1)
State of dynamical system _k’i(t) =V, i=0,1,--,N—1
Gravitation (such as solar system) — @;(Zo(t),-- ,Zy_1(t) =G > e 51750 = 7()

2135 (0) - (0

(; Gravitational constant
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Classical equation of motion

Harmonic Oscillator

y=0,0=0

goes back to harmonic oscillator at small x

Driven Pendulum g =9.81m/s"

P v friction coefficient

L
: 1 @ strength of periodic driving force
E Q) driving frequency

v(t) = =5 sin(x) — y& + Qsin(2)  acceleration depends on velocity



Numerical Differentiation
2
Ft,) =£t) + 1) + %f"(ryg + O(r%)
T2
) = @) = 2f(t,) + = () + O(z°)

Two-point formula fi(t) = JUnit) = J(0) + O(7) ()= 1) =) + O(7)

T T

fte)) = ft,20) = 22f (1) + O(°)

f(t,0) + (5,1 = 2f(,) + T'(1,) + O(=")

be careful here, the 3rd order cancels,
the error is at the 4th order

three-point formula  f/(¢) = / (t”’“)z_f (f-1) O 1) = S, = 2f@) +f(,_1)
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Euler method
2-point formula for 1st derivative

AN f t+7)— ZI? t
#ry = D =T 4 o
T
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iy = & - Y+ o)
— — — 2) Leonhard Euler (1707-1783)
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Energy and position are not conserved, needs better method




Verlet method

Z(t) = a(x(t),t) 3-pointformulafor 2nd derivative acceleration does not depend on velocity
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Time reversal symmetry
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Verlet
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Taylor expansion| Z(—1) = Z(0) — 77(0) + %J(O) '

YOLUME 155 NUMBER 1 s Tony 1eer Travel backwards the trajectory, return to the
Computer “Experiments’ on Classical Fluids. I. Thermodynamical Inltlal State’ apart frOm the rOundOﬁ errors
Properties of Lennard-Jones Molecules™

Loup VERLET}
Belfer Graduate School of Science, Yeshiva University, New York, New York
(Received 30 January 1967)

The equation of motion of a system of 864 particles interacting through a Lennard-Jones potential has
been integrated for various values of the temperature and density, relative, generally, to a fluid state. The
equilibrium properties have been calculated and are shown to agree very well with the corresponding

properties of argon. It is concluded that, to a good approximation, the equilibrium state of argon can be
described through a two-body potential.



Laws of thermodynamics

& The 0th law: if two systems are each in thermal equilibrium with a third system, then they are in
equilibrium with each other.

defines thermal equilibrium and forms a basis for the definition of T.

€ The 1st law: when energy passes into or out of a system (as work, heat or
matter), the system’s internal energy changes in accord with the law of
conservation of energy. AU —0-W -

system —

€ The 2nd law: in a natural thermodynamic process, the sum of
the entropies of the systems never decreases.

heat doest not spontaneously pass from a colder body to a

warmer body o
oQ = TdS \
© !
S=klogW
LVDWIG
€ The 3rd law: a system’s entropy approaches a constant BOLTZMANN

1844 - 1906
value as the temperature approaches absolute zero. -




Variants of Verlet |: Velocity Verlet

Z(n+1) =2&(n) —Z(n—1)+7%@(n) (1) Z(n)=2&8n—1)—2n—-2)+7%d(n-1) (2)
add Z(n + 1) to (1) add (1) to (2)

27(n + 1) = 2&8(n) + Z(n + 1) — Z(n — 1) + 7%d@(n) Zn+1)—Z(n—1)=2(n) —E(n —2)+7%@@n —1)+an))

using ¥(n) = Zn + 1)2_ Fn—1) divide by 27
S S _, 1 5, _, _ 1 S
Zn+1)=2(n)+170(n) + 57 a(n) v(n)=4d(n—1)+ 57‘(&(77, — 1)+ d(n))

shift n ton + 1

Velocity Verlet 1
Z(n+1) = Z(n) + 79(n) + =72d(n)
1 . .
17(71 + 1) — ﬁ(n) + _T(a(n) T gg(n e 1)) < Implies acceleration does
2 not depend on the velocity

given £(0) and v(0) self-starting.



Variants of Verlet ll: Leap-Frog

With better performance 1 2t + 1) — 2(t
U(t, + =7) = (En ) (tn)
Deﬁne VGIOCitieS at half-StepS 2 4 Verlet, Verlet Velocity and LeapFrog
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Less roundoff errors




Initial value problem
€ Euler (taun2)
& Verlet (tau”4, time-reversal)
€ Velocity Verlet (variant of Verlet 1)
& Leap-frog (variant of Verlet 2, less roundoff error)

¢ Runge-Kutta (tau”5, workhorse)

 Phonics skills
¢ Counting
¢ Animals

LeapFrog Enterprises, Inc. is the leader in
innovative solutions that encourage a child's
curiosity and love of learning throughout their
early developmental journey.
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Stability Analysis r=——=x
m
According to Verlet r(t+71)=2x(t) —x(t—T7)— TQEZU(t)
m

assume z(t) = Ae™"

ein — 9 _ e—in o TQE
k
2cos(wr) =2 — 74—
m
| 5 k
requires T°— <K 4  for stable solution
m

period of harmonic oscillator T = 274 / %

one shall use 7 << T



Runge-Kutta method

Developed around 1900 by 4-th order Runge-Kutta (RK4) with an error O(7°)
x(0) = x,
X = f(x, 1)

1
x(n+1) = x(n) + gT(k1 + 2k, + 2k5 + k) + O(z°)

Carl Runge 1856-1927 Lk —
German mathematician, physicist | =J(x(n), n) Euler method

k, = ‘k :
z—f(x(n)‘FE 1,n+5)

Yo+ hk3

T 1
ky = f(x(n) + Ekz, n+ 5)

Yo+ hky/2
ky = f(x(n) + 7ks,n + 1) Yo+ hk;/2

Yo

Martin Kutta 1867-1944
German mathematician

to to+h/2 to+h
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Taylor expansion in several variables X = f(x(?),1) x(t+ 1) = x(t) + 7x(r) + EX(I) + ?'fc'(t) + O(th

2 3 2 2 2
c o fdx PO O dx af(
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o T O

x(t+ 1) =x(t) + tf(x(t), 1) +

2 3
x(t + 1) = x(8) + 7f(x, ) + %[ﬁ + 1.1+ %{fﬂ + 2 f+f 2+ L2f+ 1]+ O

p (=2) equations

p
rt+7) = x(t)+ Y wiki, with p+p(p-1)/2 (=3) parameters
=1
kl — Tf(x(t)t)* W1+W2= 1
klzj = Tf (’E(t)ﬁ-ZOémk']qt—l—ZOémT) ; 222 W2a21 =l
j<i j<i 2
=2 x(t+7)=x0)+wk +wk 1 1
1% ( ) () 1™ 2™2 wlza,wzza,aﬂ:l
—_ X(t) + Wlff(x, t) + szf(x + azlkl, [+ 61211') 1
w;=0w, =l =—
' 2
2 1 2 3
f@.0 + aye(f, +£.f) + 0@ R

= x(1) + (w; + wy)zf(x, 1) + szzazl[ L+f.S1+ O(>)

p=3  x(t+7)=x(1)+ wk; +wk, + wsks ky = tf(x, 1)
k2 — Tf(x + a21k1, !+ a217’-)

k3 = Tf(x + a31k1 + a32k2, [+ 31T + a32T)



this morning




&
~
2L
i
|

p
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kl — Tf(x(t)v t)a
ki — Tf fE(t)—FZOZijkj,t—FZOzijT y 222
< =<t

determine the p+p( ). parameters w;,? = 1,...,pand o;;,%,j = 1,...,p, 7 < ¢ insuch
a way that the expression matches the Taylor expansion up to and including order
p, so the error will be O(77*1). This condition provides p equations. One finds, that
this procedure works only for p < 4, i.e. only for p < 4 does one indeed find solutions

i = #f(EE);T); Our bible
b Tf(a:(t)+7 t+2)
Th_E Aljt of ]
k3 _ (gj(t) + n2 t—|— 2) Scientific Computing Third Edition
ke = 7f(z(t) + ks, t+7), Chap.17.1.
r(t+7) = (t)+k—+@+k—+@+0(75)
N bl 8" 8§

https://en.wikipedia.org/wiki/Runge%E2%80%93Kutta methods
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X =v(x,v,1)

v=a(x,v,t)

Runge-Kutta method on harmonic oscillator

1
rn+1)=xn)+ 6(/cl + 2ko + 2k3 + ky)

1
v(in+1) =v(n) + 6(11 + 205 + 2l3 + I4)

7 =0.03

k; = tv(x(n),v(n),n) = tv(n)

[, = ta(x(n),v(n),n) = ra(x(n))

1 1 |
ky = tv(x(n) + Ekl’ v(n) + Ell’ n+ 5) — 7(v(n) + Ell)

1 1 1

l, = ta(x(n) + Ekl’ v(n) + Ell’ n+ 5) — ta(x(n) + Ekl) .
1 1 1

ky = tv(x(n) + Ekz, v(n) + 512, n+ 5) — 7(v(n) + Elz)

1 1 1
[y = ra(x(n) + Ekz’ v(n) + Elz, n+ 5) — ta(x(n) + Ekz)

Comparison of Energy

Energy

ky =tv(x(n) + ky,v(n) + 5,n+ 1) = 7(v(n) + [3)

l, = ta(x(n) + k3, v(n) + l;,n + 1) = ra(x(n) + k3)

15
time t



Earth Revolution

27 -
For the earth revolution due to the gravitational fore, the equation of motion is: %g— = - r%r, where y = G(M + m) ¥ GM . We already know that the earth

moves in an ellipse aroung the sun, and now we can test the methods introduced before to numerically solve the differential equations and plot the trajectory

to see the performance of the methods (here we consider the best Runge-Kutta method, the velocity Verlet method and the worst Euler method.).

The initial condition is: x = a(l —e),y =0,vx =0,v, = \/;4(1 + e)/[a(l — e)]. we take u = 2.958 X 1074, semi-major axis a = 1.00000011, and
eccentricity e = 0.01671022. We take the unit of # to be 1 day.
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