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Literature: Books, there are many, actually too many

Andi Klein and Alexander Godunov, Introductory Computational Physics, Cambridge 2010

Tao Pang, An Introduction to Computational Physics, Cambridge University Press 2012

J.M. Thijssen, Computational Physics, 2nd Edition, Cambridge University Press 2012  

L. Böttcher and H.J. Herrmann, Computational Statistical Physics, Cambridge University Press 2021 

Computational Physics

Teaching Materials:

Slides
Reading materials
Python Notebooks 
Assignments

https://quantummc.xyz/teaching/



Course Learning outcomes
• demonstrate knowledge in essential methods and techniques for computation in physics
• solve differential equations governing the dynamics of physical systems
• learn matrix methods for eigenvalue problems 
• apply Monte Carlo and other simulation methods to solve classical and quantum few-body 

and many-body problems
• use effective written and verbal communication skills through presentation

Pre-requisites • MATH3301 or 3401, 3403, 3405
• PHYS3350, 3351, 3450, 3550
• PHYS2160 (Introductory computational physics) 
• PHYS3151 (AI & Machine learning in physics)

Assessment Methods and Weighting

• Assignments   30%

• Presentation    20%

• Project report  20%

• Exam               30%

Computational Physics



0. Introduction

1. Differential equations
  1.1 Classical equation of motion (classical mechanics, pendulum)
  1.2 Partial differential equation relaxation methods (electromagnetism, diffusion)
  1.3 Partial differential equation in space-time (traffic flow, tsunami)

2. Eigenvalue problem
  2.1 Schrödinger equation and Hamiltonian (Harmonic oscillator, wave package) 
  2.2 Quantum lattice model and Hibert space (Heisenberg model)
  2.3 Exact diagonalization of spin chain (Spin wave, Haldane conjecture, topology)
  2.4 Matrix product state and density matrix renormalization group (DMRG)

Content 



3. Statistical and many-body physics 
  3.1 Classical Monte Carlo and phase transitions (Ising model and critical phenomena)
  3.2 Quantum Monte Carlo methods (Path-integral and cluster update)

4. Machine learning in physics and High performance computation
   4.1 AI in quantum physics
   4.2 HPC and parallelism 
   4.3 …

Content 



Differential equations

Initial value problems: time-dependent equations with given initial conditions

Boundary value problems: differential equations with specific boundary values

Eigenvalues of Dirichlet problem for Laplacian

Eigenvalue problems

浮世绘，葛饰北北斋，神奈奈川冲浪⾥里里Solar system Pendulum

Am. Math. Mon. 73, 1 (1966)
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Classical equation of motion

Differential equations

State of dynamical system 

Gravitation (such as solar system)
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t = t0, t1, t2, · · ·
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⌧ = tn+1 � tn

Discretization
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~̇v(t) = ~a(~x(t),~v(t), t)
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~̇x(t) = ~v(t)
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G Gravitational constant

<latexit sha1_base64="yiuj2e83Eh1VDAXtX1xCUb7G6iw="></latexit>
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Classical equation of motion

Harmonic Oscillator
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ẋ(t) = v
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Driven Pendulum

<latexit sha1_base64="xgKCUVY+PqpEEA8aNiy9/VHFBB4="></latexit>
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ẋ(t) = v

<latexit sha1_base64="Yjo1pbZIsMwHLf4MxGYCIKq4bg8=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbB07pbFOtBKHrxWMF+QLuWbJq2oUl2SbJCWfo3vHhQxKt/xpv/xrTdg7Y+GHi8N8PMvDDmTBvP+3ZyK6tr6xv5zcLW9s7uXnH/oKGjRBFaJxGPVCvEmnImad0ww2krVhSLkNNmOLqd+s0nqjSL5IMZxzQQeCBZnxFsrNQZXF+5FR+JM/1Y7hZLnuvNgJaJn5ESZKh1i1+dXkQSQaUhHGvd9r3YBClWhhFOJ4VOommMyQgPaNtSiQXVQTq7eYJOrNJD/UjZkgbN1N8TKRZaj0VoOwU2Q73oTcX/vHZi+pUgZTJODJVkvqifcGQiNA0A9ZiixPCxJZgoZm9FZIgVJsbGVLAh+IsvL5NG2fUvXO/+vFS9yeLIwxEcwyn4cAlVuIMa1IFADM/wCm9O4rw4787HvDXnZDOH8AfO5w+ynpAp</latexit>

g = 9.81m/s2

<latexit sha1_base64="NM/5d4OYsPI3ReXqj19oecryUOI=">AAACDHicbVC7SgNBFJ31GeMramkzGASrsCuKlkEbywjmAdklzE7uJkNmdpeZu2JY8gE2/oqNhSK2foCdf+PkUWjigYHDOedy554wlcKg6347S8srq2vrhY3i5tb2zm5pb79hkkxzqPNEJroVMgNSxFBHgRJaqQamQgnNcHA99pv3oI1I4jscphAo1otFJDhDK3VKZb/HlGLUR3jAnEZa8LFBeQKRTQmIcWRTbsWdgC4Sb0bKZIZap/TldxOeKTvMJTOm7bkpBjnTKLiEUdHPDKSMD1gP2pbGTIEJ8skxI3pslS6NEm1fjHSi/p7ImTJmqEKbVAz7Zt4bi/957QyjyyAXcZohxHy6KMokxYSOm6FdoYGjHFrCuBb2r5T3mWYcbX9FW4I3f/IiaZxWvPOKe3tWrl7N6iiQQ3JETohHLkiV3JAaqRNOHskzeSVvzpPz4rw7H9PokjObOSB/4Hz+AEJDm8I=</latexit>

� friction coe�cient

<latexit sha1_base64="jdalUqT5AMnOySm+pnJlqnvUBxM=">AAACFXicbVDLSgMxFM34rPVVdekmWAQXUmZE0WXRjcsWbBXaUjKZO20wkwzJnWIZ+hNu/BU3LhRxK7jzb0wfC18HAodz7uXknjCVwqLvf3pz8wuLS8uFleLq2vrGZmlru2l1Zjg0uJba3ITMghQKGihQwk1qgCWhhOvw9mLsXw/AWKHVFQ5T6CSsp0QsOEMndUuHddpGuMOcWjSgetinOqYpGKEjwWlkxECoHo21ixt1S2W/4k9A/5JgRspkhlq39NGONM8SUMgls7YV+Cl2cmZQcAmjYjuzkDJ+y3rQclSxBGwnn1w1ovtOicbJ7imkE/X7Rs4Sa4dJ6CYThn372xuL/3mtDOOzTi5UmiEoPg2KM0lR03FFNBIGOMqhI4wb4f5KeZ8ZxtEVWXQlBL9P/kuaR5XgpOLXj8vV81kdBbJL9sgBCcgpqZJLUiMNwsk9eSTP5MV78J68V+9tOjrnzXZ2yA9471+sGJ8m</latexit>

Q strength of periodic driving force

<latexit sha1_base64="lWPCMlEkQuuNXXRC7XVNR08Os1s=">AAACCXicbVC7SgNBFJ2NrxhfUUubwSBYhV1RtAza2BnBPCAJYXZyNxkyO7vO3A2GJa2Nv2JjoYitf2Dn3zh5FJp4YOBwzr3cOcePpTDout9OZml5ZXUtu57b2Nza3snv7lVNlGgOFR7JSNd9ZkAKBRUUKKEea2ChL6Hm96/Gfm0A2ohI3eEwhlbIukoEgjO0UjtPmzchdBltIjxgSjtaDITq0kDDfQKKD0ftfMEtuhPQReLNSIHMUG7nv5qdiCchKOSSGdPw3BhbKdMouIRRrpkYiBnvsy40LFUsBNNKJ0lG9MgqHRpE2j6FdKL+3khZaMww9O1kyLBn5r2x+J/XSDC4aKVCxQnaWNNDQSIpRnRcC+0IDRzl0BLGtbB/pbzHNONoy8vZErz5yIukelL0zoru7WmhdDmrI0sOyCE5Jh45JyVyTcqkQjh5JM/klbw5T86L8+58TEczzmxnn/yB8/kD2cSacg==</latexit>

⌦ driving frequency

<latexit sha1_base64="L2X0jn12LVOBqmWM+sbeNoJWiQI=">AAACHHicbZC/ThtBEMb3CCTghGBCSbPCipTKuktApLRIkxIkDEi2Zc2t5+yV989pdw7ZOvlBaHiVNCkSRWkokHgb9owLsJnq0/fNaGZ+aa6kpzh+iNberG+8fbe5VXv/YfvjTn3304W3hRPYFlZZd5WCRyUNtkmSwqvcIehU4WU6/lHll9fovLTmnKY59jQMjcykAApWv/6tSzihcmjR8xTEmJPlI3DaGim49UIqBWQdB+Jeg1J8xif9eiNuxvPiqyJZiAZb1Gm/ftcdWFFoNCQUeN9J4px6JTiSQuGs1i085mE5DLETpAGNvlfOn5vxz8EZ8CzckFlDfO4+nyhBez/VaejUQCO/nFXma1mnoOx7r5QmLwiNeFqUFaoiUJHiA+lQkJoGAcLJcCsXAQ0ICjxrAUKy/PKquPjaTI6a8dlho3WywLHJ9tkB+8ISdsxa7Cc7ZW0m2A37xf6wv9Ft9Dv6F/1/al2LFjN77EVF94/qA6Hb</latexit>

goes back to harmonic oscillator at small x

γ = 0, Q = 0

acceleration depends on velocity 



Two-point formula 

Numerical Differentiation

f(tn+1) = f(tn) + τf′�(tn) +
τ2

2
f′�′�(tn) + O(τ3)

f(tn−1) = f(tn) − τf′�(tn) +
τ2

2
f′�′�(tn) + O(τ3)

f′�(tn) =
f(tn+1) − f(tn)

τ
+ O(τ) f′�(tn) =

f(tn) − f(tn−1)
τ

+ O(τ)

three-point formula 

f(tn+1) − f(tn−1) = 2τf′�(tn) + O(τ3)

f(tn+1) + f(tn−1) = 2f(tn) + τ2f′�′�(tn) + O(τ4)

f′�(tn) =
f(tn+1) − f(tn−1)

2τ
+ O(τ2)

be careful here, the 3rd order cancels, 

the error is at the 4th order

f′�′�(tn) =
f(tn+1) − 2f(tn) + f(tn−1)

τ2
+ O(τ2)



Euler method

<latexit sha1_base64="cvVPUcXQM4qGRqO/XeiGGQo/1uw=">AAACK3icbVDJSgNBEO1xjXGLevTSGISEYJgRRS9CiBdvRjALZELo6fQkTXoWumuCYZj/8eKveNCDC179DzuLookPGl69V0V1PScUXIFpvhkLi0vLK6uptfT6xubWdmZnt6aCSFJWpYEIZMMhignusypwEKwRSkY8R7C6078c+fUBk4oH/i0MQ9bySNfnLqcEtNTOlO1OALE9YDS+S5Ic5C9sVxL6reSgYAOJ8kc/dT6JR0qCC/g6N/bamaxZNMfA88SakiyaotLOPOmlNPKYD1QQpZqWGUIrJhI4FSxJ25FiIaF90mVNTX3iMdWKx7cm+FArHewGUj8f8Fj9PRETT6mh5+hOj0BPzXoj8T+vGYF73oq5H0bAfDpZ5EYCQ4BHweEOl4yCGGpCqOT6r5j2iM4KdLxpHYI1e/I8qR0XrdOieXOSLZWncaTQPjpAOWShM1RCV6iCqoiie/SIXtCr8WA8G+/Gx6R1wZjO7KE/MD6/AITzp8U=</latexit>

~̇x(t) =
~x(t+ ⌧)� ~x(t)

⌧
+O(⌧)

<latexit sha1_base64="enYFJ1mWfzKMmogBNlW7SfYGziA=">AAACK3icbVDJSgNBEO2JW4xb1KOXxiAkBMOMKHoRQrx4M4JZIBNCT6cnadKz0F0TCMP8jxd/xYMeXPDqf9hZFE180PDqvSqq6zmh4ApM881ILS2vrK6l1zMbm1vbO9ndvboKIklZjQYikE2HKCa4z2rAQbBmKBnxHMEazuBq7DeGTCoe+HcwClnbIz2fu5wS0FInW7G7AcT2kNF4mCR5KFzariT0W8lD0QYSFY5/6kISj5UEF/FNfuJ1sjmzZE6AF4k1Izk0Q7WTfdJLaeQxH6ggSrUsM4R2TCRwKliSsSPFQkIHpMdamvrEY6odT25N8JFWutgNpH4+4In6eyImnlIjz9GdHoG+mvfG4n9eKwL3oh1zP4yA+XS6yI0EhgCPg8NdLhkFMdKEUMn1XzHtE50V6HgzOgRr/uRFUj8pWWcl8/Y0V67M4kijA3SI8shC56iMrlEV1RBF9+gRvaBX48F4Nt6Nj2lrypjN7KM/MD6/AHr5p78=</latexit>

~̇v(t) =
~v(t+ ⌧)� ~v(t)

⌧
+O(⌧)

<latexit sha1_base64="1tvL1da8wO4uELsRV8vGlX2GACI=">AAAB+3icbVDLSgMxFM34rPU11qWbYBEqSMmIoptC0Y3LCvYB7VAyaaYNTTJDkiktpb/ixoUibv0Rd/6NmXYW2nrgXg7n3EtuThBzpg1C387a+sbm1nZuJ7+7t39w6B4VGjpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw/vUb46o0iyST2YSU1/gvmQhI9hYqesWhhVR8S7guITOK6O0oa5bRGU0B1wlXkaKIEOt6351ehFJBJWGcKx120Ox8adYGUY4neU7iaYxJkPcp21LJRZU+9P57TN4ZpUeDCNlSxo4V39vTLHQeiICOymwGehlLxX/89qJCW/9KZNxYqgki4fChEMTwTQI2GOKEsMnlmCimL0VkgFWmBgbV96G4C1/eZU0LsvedRk9XhWrd1kcOXACTkEJeOAGVMEDqIE6IGAMnsEreHNmzovz7nwsRtecbOcY/IHz+QP2X5HM</latexit>

k = m = 1, x(0) = v(0) = 0
<latexit sha1_base64="pgc7AQr3/ELPp6dAxsOgrm6CT+Y=">AAACBXicbVDLSgMxFM3UV62vUZe6CBahLiwzouimUHTjsoJ9QKeUTCZtQzOTIbkjLUM3bvwVNy4Uces/uPNvTB8LbT0QcjjnXpJz/FhwDY7zbWWWlldW17LruY3Nre0de3evpmWiKKtSKaRq+EQzwSNWBQ6CNWLFSOgLVvf7N2O//sCU5jK6h2HMWiHpRrzDKQEjte1DLwgkpINR6XSAPZB4UICTkkelNnfbzjtFZwK8SNwZyaMZKm37ywskTUIWARVE66brxNBKiQJOBRvlvESzmNA+6bKmoREJmW6lkxQjfGyUAHekMicCPFF/b6Qk1HoY+mYyJNDT895Y/M9rJtC5aqU8ihNgEZ0+1EkENmnHleCAK0ZBDA0hVHHzV0x7RBEKpricKcGdj7xIamdF96Lo3J3ny9ezOrLoAB2hAnLRJSqjW1RBVUTRI3pGr+jNerJerHfrYzqasWY7++gPrM8f2JOXfw==</latexit>

ẍ = �x ! x(t) = cos(t)

<latexit sha1_base64="+7fOpKGq6n4ZEwFoUg+oOwMHTSE=">AAACGXicbVDLSsNAFJ34rPUVdelmsAgVoSRB0Y1QFMFlBfuANi2T6aQdOpOEmUmxhPyGG3/FjQtFXOrKv3HaZlFbD1w4c869zL3HixiVyrJ+jKXlldW19dxGfnNre2fX3NuvyTAWmFRxyELR8JAkjAakqqhipBEJgrjHSN0b3Iz9+pAIScPgQY0i4nLUC6hPMVJa6pjWbVGdXLV8gXBip4mTDh7bzunMmw/bzqzfMQtWyZoALhI7IwWQodIxv1rdEMecBAozJGXTtiLlJkgoihlJ861YkgjhAeqRpqYB4kS6yeSyFB5rpQv9UOgKFJyosxMJ4lKOuKc7OVJ9Oe+Nxf+8Zqz8SzehQRQrEuDpR37MoArhOCbYpYJgxUaaICyo3hXiPtIpKB1mXodgz5+8SGpOyT4vWfdnhfJ1FkcOHIIjUAQ2uABlcAcqoAoweAIv4A28G8/Gq/FhfE5bl4xs5gD8gfH9C4LvoAU=</latexit>

E(t) =
1

2
kx2 +

1

2
mv2 =

1

2

<latexit sha1_base64="QwnKLPIF4/CvXcvA5CCGM9yipcU="></latexit>

E(n+ 1) =
1

2
k[x(n) + ⌧v(n)]2 +

1

2
m[v(n) + ⌧a(n)]2

<latexit sha1_base64="FNmkzi7T+owx089LQj/zzhxsTxw="></latexit>

=
1

2
k[x(n) + ⌧v(n)]2 +

1

2
m[v(n)� ⌧

k

m
x(n)]2

<latexit sha1_base64="fhP+5tBu8fWeSwPjap2Vyd7VQOk=">AAACMHicbVDLSgMxFM3UV62vUZdugkWoCGVmUHQjFEV0WcE+oNOWTJppQzOZIckUyzCf5MZP0Y2CIm79CtPHQtseCBzOOZebe7yIUaks693ILC2vrK5l13Mbm1vbO+buXlWGscCkgkMWirqHJGGUk4qiipF6JAgKPEZqXv965NcGREga8gc1jEgzQF1OfYqR0lLbvL28KfDjE9cXCCd2mjipq1DccmAfDlrOQmsi9FtOmgTpY0vrOtY281bRGgPOE3tK8mCKctt8cTshjgPCFWZIyoZtRaqZIKEoZiTNubEkEcJ91CUNTTkKiGwm44NTeKSVDvRDoR9XcKz+nUhQIOUw8HQyQKonZ72RuMhrxMq/aCaUR7EiHE8W+TGDKoSj9mCHCoIVG2qCsKD6rxD3kO5D6Y5zugR79uR5UnWK9lnRuj/Nl66mdWTBATgEBWCDc1ACd6AMKgCDJ/AKPsCn8Wy8GV/G9ySaMaYz++AfjJ9fM+iojQ==</latexit>

= E(n) +
1

2
⌧2kv2(n) +

1

2
⌧2

k2

m
x2(n)

<latexit sha1_base64="X1uHCOipuAd/reQZLj24y6LeXow="></latexit>

= E(n) + ⌧2
k

m
[
1

2
mv2(n) +

1

2
kx2(n)]

| {z }
E(n)

Energy and position are not conserved, needs better method

2-point formula for 1st derivative

x(0) = 1,v(0) = 0

draw x and v ?

Leonhard Euler (1707-1783)

Mathematician, physicist, astronomer⃗x (n + 1) = ⃗x (n) + τ ⃗v (n) + O(τ2)

⃗v (n + 1) = ⃗v (n) + τ ⃗a (n) + O(τ2)



Verlet method
<latexit sha1_base64="oQQoaWq87hVYcue4v/rMINmKJV0=">AAACEHicbZDLSsNAFIYn9VbrLerSTbCILUhJRNGNUHTjsoK9QBPKZDJth04uzJwUS8gjuPFV3LhQxK1Ld76N0zQLbf1h4Oc753Dm/G7EmQTT/NYKS8srq2vF9dLG5tb2jr6715JhLAhtkpCHouNiSTkLaBMYcNqJBMW+y2nbHd1M6+0xFZKFwT1MIur4eBCwPiMYFOrpx7bnhZDYY0qShzStQPUq8zit5EyhE6j29LJZMzMZi8bKTRnlavT0L9sLSezTAAjHUnYtMwInwQIY4TQt2bGkESYjPKBdZQPsU+kk2UGpcaSIZ/RDoV4ARkZ/TyTYl3Liu6rTxzCU87Up/K/WjaF/6SQsiGKgAZkt6sfcgNCYpmN4TFACfKIMJoKpvxpkiAUmoDIsqRCs+ZMXTeu0Zp3XzLuzcv06j6OIDtAhqiALXaA6ukUN1EQEPaJn9IretCftRXvXPmatBS2f2Ud/pH3+AKsKnPM=</latexit>

~̈x(t) = ~a(~x(t), t)

<latexit sha1_base64="/0WGw2NQr707lp8kROT6CIpSsfc="></latexit>

~̈x(t) =
~x(t+ ⌧) + ~x(t� ⌧)� 2~x(t)

⌧2
+O(⌧2)

<latexit sha1_base64="BsOILrSThBNPt/Fce6FBf10p+mY="></latexit>

~x(t+ ⌧) = 2~x(t)� ~x(t� ⌧) + ⌧
2
~a(~x(t), t) +O(⌧4)

<latexit sha1_base64="sRoXE0c6f1b2Eu8QDnuW32PPKb0="></latexit>

~v(t) = ~̇x(t) =
~x(t+ ⌧)� ~x(t� ⌧)

2⌧
+O(⌧2)

Verlet

<latexit sha1_base64="8WZ0CnebFG27GKKs/l39frmdXhQ=">AAACK3icbVDLSsNAFJ34rPUVdelmsAgt0pIURTdCqRuXFewDmlom00k7dPJgZlIsIf/jxl9xoQsfuPU/nKQRtPXAwLnn3Mude+yAUSEN411bWl5ZXVvPbeQ3t7Z3dvW9/ZbwQ45JE/vM5x0bCcKoR5qSSkY6ASfItRlp2+OrxG9PCBfU927lNCA9Fw096lCMpJL6et2aEBzdx8WyWbr84UapbEkUpuUkKeEJtByOcJTId9U4qsapiRKzrxeMipECLhIzIwWQodHXn62Bj0OXeBIzJETXNALZixCXFDMS561QkADhMRqSrqIeconoRemtMTxWygA6PlfPkzBVf09EyBVi6tqq00VyJOa9RPzP64bSuehF1AtCSTw8W+SEDEofJsHBAeUESzZVBGFO1V8hHiEVilTx5lUI5vzJi6RVrZhnFePmtFCrZ3HkwCE4AkVggnNQA9egAZoAgwfwBF7Bm/aovWgf2uesdUnLZg7AH2hf3/tHpk8=</latexit>

~x(�1) = ~x(0)� ⌧~v(0) +
⌧2

2
~a(0)

Time reversal symmetry

<latexit sha1_base64="dyulgWBcm/l9F0JtfrjAMzsfGzg=">AAACQHicbZBLSwMxFIUzPmt9VV26CRbBIpaZouhGKLpxWcFaoVNLJr1tQzOZIblTLEN/mht/gjvXblwo4taVae1CrQcCh+/cS5ITxFIYdN0nZ2Z2bn5hMbOUXV5ZXVvPbWxemyjRHKo8kpG+CZgBKRRUUaCEm1gDCwMJtaB3PsprfdBGROoKBzE0QtZRoi04Q4uauZrfB57eDfd8FLIFqRrue4XT0hQtHEyhA6+w7yNLbkt0nLGf481c3i26Y9Fp401MnkxUaeYe/VbEkxAUcsmMqXtujI2UaRRcwjDrJwZixnusA3VrFQvBNNJxAUO6a0mLtiNtj0I6pj83UhYaMwgDOxky7Jq/2Qj+l9UTbJ80UqHiBEHx74vaiaQY0VGbtCU0cJQDaxjXwr6V8i7TjKPtPGtL8P5+edpcl4reUdG9PMyXzyZ1ZMg22SF7xCPHpEwuSIVUCSf35Jm8kjfnwXlx3p2P79EZZ7KzRX7J+fwC8lOwkQ==</latexit>

~x(ñ+ 1) = 2~x(ñ)� ~x(ñ� 1) + ⌧2~a(ñ)
<latexit sha1_base64="I2bfA7Qpy258tiDNgGSc9VuJkns=">AAACIXicbZBdSwJBFIZn7cvsa6vLboYkUETZlSJvBKmbLg3yA9RkdpzVwdnZZWZWksW/0k1/pZsuivAu+jONukhpBwYe3vcczpzXCRiVyrK+jMTG5tb2TnI3tbd/cHhkHp/UpR8KTGrYZ75oOkgSRjmpKaoYaQaCIM9hpOEMb2d+Y0SEpD5/UOOAdDzU59SlGCktdc1SudgeERw9TTI8m19izs7m2gqFj0U419DMLi/tvJ3tmmmrYM0LroMdQxrEVe2a03bPx6FHuMIMSdmyrUB1IiQUxYxMUu1QkgDhIeqTlkaOPCI70fzCCbzQSg+6vtCPKzhXf09EyJNy7Dm600NqIFe9mfif1wqVW+pElAehIhwvFrkhg8qHs7hgjwqCFRtrQFhQ/VeIB0ggrHSoKR2CvXryOtSLBfuqYN1fpis3cRxJcAbOQQbY4BpUwB2oghrA4Bm8gnfwYbwYb8anMV20Jox45hT8KeP7B7yIogA=</latexit>

= 2~x(n)� ~x(n+ 1) + ⌧2~a(n) = ~x(n� 1)
<latexit sha1_base64="JQy5XtvvmozA963+7dhe4cXm1tQ=">AAACM3icbVBNS8NAEN3Ur1q/qh69BIvQIpZEFL0IRS/iqYJVoSlls53o4mYTdifFEvKfvPhHPAjiQRGv/ge3H4fa+mDg8d4MM/P8WHCNjvNm5WZm5+YX8ouFpeWV1bXi+sa1jhLFoMEiEalbn2oQXEIDOQq4jRXQ0Bdw4z+c9f2bLijNI3mFvRhaIb2TPOCMopHaxQuvCyztZmUPuehAKrPKiRcoytKB8Thm7LqVvSlxz61k6b6HNMnaxZJTdQawp4k7IiUyQr1dfPE6EUtCkMgE1brpOjG2UqqQMwFZwUs0xJQ90DtoGippCLqVDn7O7B2jdOwgUqYk2gN1fCKloda90DedIcV7Pen1xf+8ZoLBcSvlMk4QJBsuChJhY2T3A7Q7XAFD0TOEMsXNrTa7pyYxNDEXTAju5MvT5Hq/6h5WncuDUu10FEeebJFtUiYuOSI1ck7qpEEYeSKv5IN8Ws/Wu/VlfQ9bc9ZoZpP8gfXzC4GTrAI=</latexit>

~v(ñ) =
~x(ñ+ 1)� ~x(ñ� 1)

2⌧
<latexit sha1_base64="gLDOUjMPKzqPm0w8y4TDA56pleA=">AAACHXicbZDLSgMxFIYzXmu9jbp0EyxCi7TMlIpuCkU3LivYC3RKyaSZNjSTGZJMsQzzIm58FTcuFHHhRnwb03YQbf0h8Oc755Cc3w0ZlcqyvoyV1bX1jc3MVnZ7Z3dv3zw4bMogEpg0cMAC0XaRJIxy0lBUMdIOBUG+y0jLHV1P660xEZIG/E5NQtL10YBTj2KkNOqZlarjCYRjZ0xwfJ/kedEuFH8uZ3YhicuOQlFSndOxpoWembNK1kxw2dipyYFU9Z754fQDHPmEK8yQlB3bClU3RkJRzEiSdSJJQoRHaEA62nLkE9mNZ9sl8FSTPvQCoQ9XcEZ/T8TIl3Liu7rTR2ooF2tT+F+tEynvshtTHkaKcDx/yIsYVAGcRgX7VBCs2EQbhAXVf4V4iHRaSgea1SHYiysvm2a5ZJ+XrNtKrnaVxpEBx+AE5IENLkAN3IA6aAAMHsATeAGvxqPxbLwZ7/PWFSOdOQJ/ZHx+AzijoV4=</latexit>

=
~x(n� 1)� ~x(n+ 1)

2⌧
= �~v(n)

Travel backwards the trajectory, return to the 
initial state, apart from the roundoff errors

<latexit sha1_base64="l9m2NS55IXEp5mX5epK+0uydz9Q="></latexit>

not self-starting ~x(0) and ~v(0) need ~x(�1)

3-point formula for 2nd derivative

Taylor expansion

acceleration does not depend on velocity 

⃗x (n + 1) = 2 ⃗x (n) − ⃗x (n − 1) + τ2 ⃗a (n) + O(τ4)

⃗v (n) =
⃗x (n + 1) − ⃗x (n − 1)

2τ
+ O(τ2)



Laws of thermodynamics

The 0th law: if two systems are each in thermal equilibrium with a third system, then they are in 
equilibrium with each other.  
 
defines thermal equilibrium and forms a basis for the definition of T.

The 1st law: when energy passes into or out of a system (as work, heat or 
matter), the system’s internal energy changes in accord with the law of 
conservation of energy.


  ΔUsystem = Q − W

The 2nd law: in a natural thermodynamic process, the sum of 
the entropies of the systems never decreases.  
 
heat doest not spontaneously pass from a colder body to a 
warmer body δQ = TdS

The 3rd law: a system’s entropy approaches a constant 
value as the temperature approaches absolute zero. 

S = k log W



Variants of Verlet I: Velocity Verlet

<latexit sha1_base64="Pk3os6tRgi3lYsjVqYOHYPWJymc=">AAACIHicbZDLSgMxFIYzXmu9jbp0EyxCS2mZKUrdCEU3LivYC3RqyaRpG5rJDEmmWIY+ihtfxY0LRXSnT2NmWoq2Hgh8+f9zSM7vBoxKZVlfxsrq2vrGZmorvb2zu7dvHhzWpR8KTGrYZ75oukgSRjmpKaoYaQaCIM9lpOEOr2O/MSJCUp/fqXFA2h7qc9qjGCktdcyyMyI4ephked7OXZbmt1xhjgU7l3cUCu9LMNFQbHfMjFW0koLLYM8gA2ZV7ZifTtfHoUe4wgxJ2bKtQLUjJBTFjEzSTihJgPAQ9UlLI0ceke0oWXACT7XShT1f6MMVTNTfExHypBx7ru70kBrIRS8W//NaoepdtCPKg1ARjqcP9UIGlQ/jtGCXCoIVG2tAWFD9V4gHSCCsdKZpHYK9uPIy1EtF+7xo3Z5lKlezOFLgGJyALLBBGVTADaiCGsDgETyDV/BmPBkvxrvxMW1dMWYzR+BPGd8/KouhuQ==</latexit>

~x(n+ 1) = 2~x(n)� ~x(n� 1) + ⌧2~a(n)

<latexit sha1_base64="tw+uj0/1bl6xx5A4bU03YDKRwUg=">AAACLXicbVDLSsNAFJ3UV62vqEs3wSK0lJakKLoRirpwWcE+oI1lMp20QyeTMDMpltAfcuOviOCiIm79DSdt0Np6YeDcc87lzj1OQImQpjnRUiura+sb6c3M1vbO7p6+f1AXfsgRriGf+rzpQIEpYbgmiaS4GXAMPYfihjO4jvXGEHNBfHYvRwG2PdhjxCUISkV19Jtye4hR9DjOsYKVv/zt8oV5ofjTFC2lSBg+zKwwtnb0rFkyp2UsAysBWZBUtaO/trs+Cj3MJKJQiJZlBtKOIJcEUTzOtEOBA4gGsIdbCjLoYWFH02vHxoliuobrc/WYNKbs/EQEPSFGnqOcHpR9sajF5H9aK5TuhR0RFoQSMzRb5IbUkL4RR2d0CcdI0pECEHGi/mqgPuQQSRVwRoVgLZ68DOrlknVWMu9Os5WrJI40OALHIAcscA4q4BZUQQ0g8ARewAS8a8/am/ahfc6sKS2ZOQR/Svv6Br3+pp0=</latexit>

2~x(n+ 1) = 2~x(n) + ~x(n+ 1)� ~x(n� 1) + ⌧2~a(n)

<latexit sha1_base64="kpZ4jv4yS9i8xl514opA4LKNjnI=">AAACK3icbVDLSsNAFJ3UV62vqEs3wSK0FEpSFN0IpW5cVrAPaGOZTCft0MkkzEyKJeR/3PgrLnThA7f+h5M0iLZeGDiPe7lzjxNQIqRpvmu5ldW19Y38ZmFre2d3T98/aAs/5Ai3kE993nWgwJQw3JJEUtwNOIaeQ3HHmVwlfmeKuSA+u5WzANseHDHiEgSlkgZ6oz/FKLqPS6xilS9/SLnSlzBM6XROXQ5RZMVRLU6cu1rqwcQb6EWzaqZlLAMrA0WQVXOgP/eHPgo9zCSiUIieZQbSjiCXBFEcF/qhwAFEEzjCPQUZ9LCwo/TW2DhRytBwfa4ek0aq/p6IoCfEzHNUpwflWCx6ifif1wule2FHhAWhxAzNF7khNaRvJMEZQ8IxknSmAEScqL8aaAxVKlLFW1AhWIsnL4N2rWqdVc2b02K9kcWRB0fgGJSABc5BHVyDJmgBBB7AE3gFb9qj9qJ9aJ/z1pyWzRyCP6V9fQO/zadk</latexit>

~x(n+ 1) = ~x(n) + ⌧~v(n) +
1

2
⌧2~a(n)

<latexit sha1_base64="0+EWs6jiLBZ4+yAUUrsJ0CHy9Vg=">AAACIXicbZDLSsNAFIYn9VbrLerSTbAILdKSFMVuhKIblxXsBZpYJtNJO3QyCTOTYgl9FTe+ihsXinQnvozTJnhpPTDwzf+fw8z53ZASIU3zQ8usrK6tb2Q3c1vbO7t7+v5BUwQRR7iBAhrwtgsFpoThhiSS4nbIMfRdilvu8Hrmt0aYCxKwOzkOsePDPiMeQVAqqatX7RFG8cOkwIqXlW8uWcXSz6VSPLUljO4THyZ+V8+bZXNexjJYKeRBWvWuPrV7AYp8zCSiUIiOZYbSiSGXBFE8ydmRwCFEQ9jHHYUM+lg48XzDiXGilJ7hBVwdJo25+nsihr4QY99VnT6UA7HozcT/vE4kvaoTExZGEjOUPORF1JCBMYvL6BGOkaRjBRBxov5qoAHkEEkVak6FYC2uvAzNStk6L5u3Z/naVRpHFhyBY1AAFrgANXAD6qABEHgEz+AVvGlP2ov2rk2T1oyWzhyCP6V9fgHMZaIE</latexit>

~x(n) = 2~x(n� 1)� ~x(n� 2) + ⌧2~a(n� 1)

<latexit sha1_base64="TuQZRUtVUnZZDuYoJflu6OQDKt0="></latexit>

~x(n+ 1)� ~x(n� 1) = ~x(n)� ~x(n� 2) + ⌧2(~a(n� 1) + ~a(n))

Velocity Verlet

<latexit sha1_base64="39x+IcSlWGnWMnoM1o8e7Dm7GP0=">AAACMHicbVDLSgMxFM34tr6qLt0Ei6ALy4wouhRd6LKCbYW2lEx6pw3NZIbkTmkZ5pPc+Cm6UVDErV9h+hDq40DgcM595B4/lsKg6744M7Nz8wuLS8u5ldW19Y385lbFRInmUOaRjPSdzwxIoaCMAiXcxRpY6Euo+t3LoV/tgTYiUrc4iKERsrYSgeAMrdTMX9UR+pi2RQ8UzWi9BzztZ/vuAR0blKnWt96b1u3K4NAg0yhUu5g18wW36I5A/xJvQgpkglIz/1hvRTwJQSGXzJia58bYSIfzuIQsV08MxIx3WRtqlioWgmmko4MzumeVFg0ibZ9COlKnO1IWGjMIfVsZMuyY395Q/M+rJRicNVKh4gRB8fGiIJEUIzpMj7aEBo5yYAnjWti/Ut5hmnG0GedsCN7vk/+SylHROym6N8eF84tJHEtkh+ySfeKRU3JOrkmJlAkn9+SJvJI358F5dt6dj3HpjDPp2SY/4Hx+AQTiqZE=</latexit>

given ~x(0) and ~v(0) self-starting.

<latexit sha1_base64="pmDqLJx5AzFZoYxUdJXcj417IZQ=">AAACKXicbZBdS8MwFIbT+TXnV9VLb4pDWBFHO0W9EYbeeDnBfcBaRpqlW1ialiQdjNK/441/xRsFRb31j5h1m+jmgcCT9z2H5LxeRImQlvWh5ZaWV1bX8uuFjc2t7R19d68hwpgjXEchDXnLgwJTwnBdEklxK+IYBh7FTW9wM/abQ8wFCdm9HEXYDWCPEZ8gKJXU0avOEKNkmJaYefWDJ7Z57PgcosROk0rqSBiXMhPOzNnFNDt60SpbWRmLYE+hCKZV6+gvTjdEcYCZRBQK0batSLoJ5JIgitOCEwscQTSAPdxWyGCAhZtkm6bGkVK6hh9ydZg0MvX3RAIDIUaBpzoDKPti3huL/3ntWPqXbkJYFEvM0OQhP6aGDI1xbEaXcIwkHSmAiBP1VwP1oYpIqnALKgR7fuVFaFTK9nn59O6sWL2expEHB+AQlIANLkAV3IIaqAMEHsATeAVv2qP2rL1rn5PWnDad2Qd/Svv6Bs6jpbY=</latexit>

~v(n) = ~v(n� 1) +
1

2
⌧(~a(n� 1) + ~a(n))

<latexit sha1_base64="V6yq5FLesQc0mZRbWejenEzwFQM=">AAACKXicbVBbS8MwGE29znmr+uhLcAgbg9FOUV+EoS8+TnAXWMtIs3QLS9OSpINR+nd88a/4oqCor/4Rs62Kbh4InJzzHZLveBGjUlnWu7G0vLK6tp7byG9ube/smnv7TRnGApMGDlko2h6ShFFOGooqRtqRICjwGGl5w+uJ3xoRIWnI79Q4Im6A+pz6FCOlpa5Zc0YEJ6O0yMt26fLnUio7vkA4sdOkmjoKxcWphWbWN9WRUtcsWBVrCrhI7IwUQIZ613x2eiGOA8IVZkjKjm1Fyk2QUBQzkuadWJII4SHqk46mHAVEusl00xQea6UH/VDowxWcqr8TCQqkHAeengyQGsh5byL+53Vi5V+4CeVRrAjHs4f8mEEVwkltsEcFwYqNNUFYUP1XiAdIV6R0uXldgj2/8iJpViv2WeXk9rRQu8rqyIFDcASKwAbnoAZuQB00AAb34BG8gFfjwXgy3oyP2eiSkWUOwB8Yn1/H06Wy</latexit>

~v(n+ 1) = ~v(n) +
1

2
⌧(~a(n) + ~a(n+ 1))

<latexit sha1_base64="8OO8o+R9UPue/PU5k/AouxXbmuQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXRT0GvXiMaB6QLGF2MkmGzM4uM71CWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMY3U795hPXRkTqEccx90M6UKIvGEUrPZS9026x5FbcGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/tp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs4p3WTm/vyhVb7I48nAEx1AGD66gCndQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwBQleNIg==</latexit>

(1)
<latexit sha1_base64="KYKSKVp9/C9bc7Xno2K9T0f5/4g=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtyhUUuijSVGERK4kL1lDjbs7V1290wI4SfYWGiMrb/Izn/jAlco+JJJXt6bycy8IBFcG9f9dnIrq2vrG/nNwtb2zu5ecf/gUcepYthgsYhVK6AaBZfYMNwIbCUKaRQIbAbDm6nffEKleSwfzChBP6J9yUPOqLHSfbl62i2W3Io7A1kmXkZKkKHeLX51ejFLI5SGCap123MT44+pMpwJnBQ6qcaEsiHtY9tSSSPU/nh26oScWKVHwljZkobM1N8TYxppPYoC2xlRM9CL3lT8z2unJrzyx1wmqUHJ5ovCVBATk+nfpMcVMiNGllCmuL2VsAFVlBmbTsGG4C2+vEweqxXvonJ2d16qXWdx5OEIjqEMHlxCDW6hDg1g0IdneIU3RzgvzrvzMW/NOdnMIfyB8/kDQ9yNIw==</latexit>

(2)

<latexit sha1_base64="9H/ZPOfb/+PUGUHGn+5KFiKVZts=">AAACEXicbVC7SgNBFJ2N7/iKWtoMBiFBCLsqahm0sVQwiZCEMDt7kwyZnV1m7oaEJb9g46/YWChia2fn3zh5FGo8MHA4517unOPHUhh03S8ns7C4tLyyupZd39jc2s7t7FZNlGgOFR7JSN/7zIAUCiooUMJ9rIGFvoSa37sa+7U+aCMidYfDGJoh6yjRFpyhlVq5QgNhgCkLAjqijT7wdDAqqCOvSKcGxcgaBa/YyuXdkjsBnSfejOTJDDet3GcjiHgSgkIumTF1z42xmTKNgksYZRuJgZjxHutA3VLFQjDNdJJoRA+tEtB2pO1TSCfqz42UhcYMQ99Ohgy75q83Fv/z6gm2L5qpUHGCoPj0UDuR45jjemggNHCUQ0sY18L+lfIu04yjLTFrS/D+Rp4n1eOSd1Y6uT3Nly9ndaySfXJACsQj56RMrskNqRBOHsgTeSGvzqPz7Lw579PRjDPb2SO/4Hx8AyG2m+g=</latexit>

add ~x(n+ 1) to (1)

<latexit sha1_base64="nG05D5TtezEiWKRtRJ3si04xfP4="></latexit>

using ~v(n) =
~x(n+ 1)� ~x(n� 1)

2⌧

<latexit sha1_base64="pEOdeZT4jjcImB+MclSmLDh17R0=">AAACK3icbVDLSsNAFJ34rPUVdekmWISWQkmqqBuh1I3LCvYBTS2T6aQdOpmEmUmxhPyPG3/FhS584Nb/cJIG0dYLA+dxL3fucQJKhDTNd21peWV1bT23kd/c2t7Z1ff2W8IPOcJN5FOfdxwoMCUMNyWRFHcCjqHnUNx2xleJ355gLojPbuU0wD0PDhlxCYJSSX29bk8wiu7jIitbpcsfUirbEoYpncyoyyGKrDiqxolzV009mHh9vWBWzLSMRWBloACyavT1Z3vgo9DDTCIKhehaZiB7EeSSIIrjvB0KHEA0hkPcVZBBD4telN4aG8dKGRiuz9Vj0kjV3xMR9ISYeo7q9KAciXkvEf/zuqF0L3oRYUEoMUOzRW5IDekbSXDGgHCMJJ0qABEn6q8GGkGVilTx5lUI1vzJi6BVrVhnlZOb00KtnsWRA4fgCBSBBc5BDVyDBmgCBB7AE3gFb9qj9qJ9aJ+z1iUtmzkAf0r7+gbBF6do</latexit>

~x(n+ 1) = ~x(n) + ⌧~v(n) +
1

2
⌧2~a(n)

<latexit sha1_base64="lHphLJF0i0CMrVEbTbAsGID9Bxk=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSG1S5UUBIwVLIxFog+pjSrHcVqrzkP2DaKKOrLwKywMIMTKJ7DxNzhtBmg5kqVzz7lX1/e4seAKLOvbWFpeWV1bL2wUN7e2d3bNvf2WihJJWZNGIpIdlygmeMiawEGwTiwZCVzB2u7oOvPb90wqHoV3MI6ZE5BByH1OCWipbx71gD1ASjwPT3DZruBZjSHK6lqlb5asqjUFXiR2TkooR6NvfvW8iCYBC4EKolTXtmJwUiKBU8EmxV6iWEzoiAxYV9OQBEw56fSQCT7Riof9SOoXAp6qvydSEig1DlzdGRAYqnkvE//zugn4l07KwzgBFtLZIj8R2ZlZKtjjklEQY00IlVz/FdMhkYSCzq6oQ7DnT14krVrVPq+e3p6V6ld5HAV0iI5RGdnoAtXRDWqgJqLoET2jV/RmPBkvxrvxMWtdMvKZA/QHxucP07OX7A==</latexit>

add (1) to (2)

<latexit sha1_base64="TsSK0Pa8T+Z1UNpFQVu4nJZfKAE=">AAACAXicbVDJSgNBEO1xjXGLehG8NAbBU5iJoh6DXjxGMAskIfT01CRNeha6a4LDEC/+ihcPinj1L7z5N3aWgyY+KHi8V0VVPTeWQqNtf1tLyyura+u5jfzm1vbObmFvv66jRHGo8UhGqukyDVKEUEOBEpqxAha4Ehru4GbsN4agtIjCe0xj6ASsFwpfcIZG6hYO2wgPmHliKDygbkpHtNxGltBuoWiX7AnoInFmpEhmqHYLX20v4kkAIXLJtG45doydjCkUXMIo3040xIwPWA9ahoYsAN3JJh+M6IlRPOpHylSIdKL+nshYoHUauKYzYNjX895Y/M9rJehfdTIRxglCyKeL/ERSjOg4DuoJBRxlagjjSphbKe8zxTia0PImBGf+5UVSL5eci9LZ3Xmxcj2LI0eOyDE5JQ65JBVyS6qkRjh5JM/klbxZT9aL9W59TFuXrNnMAfkD6/MHsCqWZA==</latexit>

divide by 2⌧

<latexit sha1_base64="Y0zG+0I5mME/19L5jTuhtCFv24k=">AAACCXicbVBNS8NAEJ34WetX1KOXxSIIQklU1GPRi8cKVgttKZvtpl262YTdiVhCr178K148KOLVf+DNf+Om5qDWBwtv3pthdl6QSGHQ8z6dmdm5+YXF0lJ5eWV1bd3d2Lw2caoZb7BYxroZUMOlULyBAiVvJprTKJD8Jhie5/7NLddGxOoKRwnvRLSvRCgYRSt1XdJGfoeZGYgQyZiooiYY59W+T7puxat6E5Bp4hekAgXqXfej3YtZGnGFTFJjWr6XYCejGgWTfFxup4YnlA1pn7csVTTippNNLhmTXav0SBhr+xSSifpzIqORMaMosJ0RxYH56+Xif14rxfC0kwmVpMgV+14UpjK/M4+F9ITmDOXIEsq0sH8lbEA1ZWjDK9sQ/L8nT5Prg6p/XD28PKrUzoo4SrANO7AHPpxADS6gDg1gcA+P8AwvzoPz5Lw6b9+tM04xswW/4Lx/AQacmT4=</latexit>

shift n to n+ 1

Implies acceleration does 
not depend on the velocity



Variants of Verlet II: Leap-Frog

Define velocities at half-steps

<latexit sha1_base64="Ps8F7QN7H7ZyD4v8AtwdqDAmiBc="></latexit>

~a(tn) = ~̇v(tn) =
~v(tn + 1

2⌧)� ~v(tn � 1
2⌧)

⌧
+O(⌧2)

<latexit sha1_base64="Gze2CdvlKPcBnQ8ou3zT20zRVAs="></latexit>

~v(tn +
1

2
⌧) = ~v(tn � 1

2
⌧) + ⌧~a(tn) +O(⌧3)

<latexit sha1_base64="QHbI9ANp333H4iR2uUwTX2rqhqQ=">AAACKXicbZDLSgMxFIYz9VbrbdSlm2AROpSWmVLRjVB0484K9gLtWDJp2oZmMkOSKZahr+PGV3GjoKhbX8T0QtHWA4Ev/38Oyfm9kFGpbPvTSKysrq1vJDdTW9s7u3vm/kFVBpHApIIDFoi6hyRhlJOKooqReigI8j1Gal7/auzXBkRIGvA7NQyJ66Mupx2KkdJSyyw1BwTHD6MMzzrWRWF+s3JzzDlWtqlQdD910djN3mQmUtFqmWk7b08KLoMzgzSYVbllvjbbAY58whVmSMqGY4fKjZFQFDMySjUjSUKE+6hLGho58ol048mmI3iilTbsBEIfruBE/T0RI1/Koe/pTh+pnlz0xuJ/XiNSnXM3pjyMFOF4+lAnYlAFcBwbbFNBsGJDDQgLqv8KcQ8JhJUON6VDcBZXXoZqIe+c5u3bYrp0OYsjCY7AMcgAB5yBErgGZVABGDyCZ/AG3o0n48X4ML6mrQljNnMI/pTx/QOUyKT2</latexit>

~x(n+ 1) = 2~x(n)� ~x(n� 1) + ⌧
2
~a(n) +O(⌧4)

<latexit sha1_base64="801C7mZN4FtYEscOghC40ebOOtI="></latexit>

= ~x(n) + ~x(n)� ~x(n� 1)| {z }
⌧~v(n� 1

2 )

+⌧
2
~a(n) +O(⌧4)

<latexit sha1_base64="GSLlGJH4p1ZQ5+v1+u/Z/Zpw3d0="></latexit>

= ~x(n) + ⌧~v(n� 1

2
) + ⌧

2
~a(n)

| {z }
⌧~v(n+ 1

2 )

+O(⌧4)

Leap-Frog

<latexit sha1_base64="pFx658quWhGQiU+Cc0Xp8f410Pc="></latexit>

~x(n+ 1) = ~x(n) + ⌧~v(n+
1

2
) +O(⌧4)

<latexit sha1_base64="89osumpz8Rdjn2ezgVAoAregSJE=">AAACA3icbVDLSgNBEJyNrxhfq970MhgET2FXFD0GvXiMYB6QLGF20kmGzD6Y6RXDEvDir3jxoIhXf8Kbf+NkswdNLGgoqrpnusuPpdDoON9WYWl5ZXWtuF7a2Nza3rF39xo6ShSHOo9kpFo+0yBFCHUUKKEVK2CBL6Hpj66nfvMelBZReIfjGLyADULRF5yhkbr2QQfhAVONTCHFIVCBoDJv0rXLTsXJQBeJm5MyyVHr2l+dXsSTAELkkmnddp0YvdS8LLiESamTaIgZH7EBtA0NWQDaS7MbJvTYKD3aj5SpEGmm/p5IWaD1OPBNZ8BwqOe9qfif106wf+mlIowThJDPPuonkmJEp4HQnlDAUY4NYVwJsyvlQ6YYN0HokgnBnT95kTROK+55xbk9K1ev8jiK5JAckRPikgtSJTekRuqEk0fyTF7Jm/VkvVjv1sestWDlM/vkD6zPH9ndmEo=</latexit>

start the iteration

<latexit sha1_base64="lPD/G7HDiNQLWRC3S7VTC7WuILo=">AAACI3icbZDLSsNAFIYn9VbrLerSzWAR2oUlKYoiCEU3LivYCzShTKaTdujkwsykUELexY2v4saFUty48F2cpBFq64GBn+8/hzPnd0JGhTSML62wtr6xuVXcLu3s7u0f6IdHbRFEHJMWDljAuw4ShFGftCSVjHRDTpDnMNJxxvep35kQLmjgP8lpSGwPDX3qUoykQn39xpoQHE+SyrnlcoRjM4nrSfX2lxrVRW5JFGUOSp2+XjZqRlZwVZi5KIO8mn19Zg0CHHnEl5ghIXqmEUo7RlxSzEhSsiJBQoTHaEh6SvrII8KOsxsTeKbIALoBV8+XMKOLEzHyhJh6jur0kByJZS+F/3m9SLrXdkz9MJLEx/NFbsSgDGAaGBxQTrBkUyUQ5lT9FeIRUplIFWtJhWAun7wq2vWaeVkzHi/Kjbs8jiI4AaegAkxwBRrgATRBC2DwDF7BO/jQXrQ3baZ9zlsLWj5zDP6U9v0Dah+kHA==</latexit>

~v(�1

2
) = ~v(0)� 1

2
⌧~a(0)

With better performance

3-point formula in half-steps

From Verlet

<latexit sha1_base64="J2bXtq7Ef39hYmUKmM8SrHG9g+g="></latexit>

~v(n+
1

2
) = ~v(n� 1

2
) + ⌧~a(n) +O(⌧3)

Notice no       term in iteration

<latexit sha1_base64="7xKzY/gW4R5gIq2Z8xFeVxECGX0=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxRHbRqEeiF4+YyCOBlcwOA4zM7mxmek3Ihn/w4kFjvPo/3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9oGJVoxutMSaVbATVciojXUaDkrVhzGgaSN4PRzdRvPnFthIrucRxzP6SDSPQFo2ilRgdp8lDpFktu2Z2BLBMvIyXIUOsWvzo9xZKQR8gkNabtuTH6KdUomOSTQicxPKZsRAe8bWlEQ278dHbthJxYpUf6StuKkMzU3xMpDY0Zh4HtDCkOzaI3Ff/z2gn2r/xURHGCPGLzRf1EElRk+jrpCc0ZyrEllGlhbyVsSDVlaAMq2BC8xZeXSaNS9i7KZ3fnpep1FkcejuAYTsGDS6jCLdSgDgwe4Rle4c1Rzovz7nzMW3NONnMIf+B8/gBLmI70</latexit>

⌧2

Less roundoff errors

<latexit sha1_base64="0HhuwQnToRNYe7L+04/UUS8rCDI=">AAACMXicbZDLSsNAFIYnXmu9RV26CRZBEUtSFN0IRTddVrAXaEqZTCft4GQSZk6KJeSV3Pgm4qYLRdz6Ek7aLGr1wMDPd/7DmfN7EWcKbHtiLC2vrK6tFzaKm1vbO7vm3n5ThbEktEFCHsq2hxXlTNAGMOC0HUmKA4/Tlvd4l/VbIyoVC8UDjCPaDfBAMJ8RDBr1zJo7oiQZpSfQE2euLzFJnDSppC7g+PRmBqaWp9yS8fM5cpomGUt7Zsku29Oy/gonFyWUV71nvrr9kMQBFUA4Vqrj2BF0EyyBEU7TohsrGmHyiAe0o6XAAVXdZHpxah1r0rf8UOonwJrS+YkEB0qNA087AwxDtdjL4H+9Tgz+dTdhIoqBCjJb5MfcgtDK4rP6TFICfKwFJpLpv1pkiHVKoEMu6hCcxZP/imal7FyW7fuLUvU2j6OADtEROkEOukJVVEN11EAEPaM39I4+jBdjYnwaXzPrkpHPHKBfZXz/ANfGqzY=</latexit>

~v(tn +
1

2
⌧) =

~x(tn + ⌧)� ~x(tn)

⌧



 Initial value problem 

LeapFrog Enterprises, Inc. is the leader in 
innovative solutions that encourage a child's 
curiosity and love of learning throughout their 
early developmental journey.

Euler (tau^2) 


Verlet (tau^4, time-reversal)


Velocity Verlet (variant of Verlet 1)


Leap-frog (variant of Verlet 2, less roundoff error)


Runge-Kutta (tau^5, workhorse)




Stability Analysis 
<latexit sha1_base64="7cNfH4Ql9SJAWHZ6AT0HFJdCSsc=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR3FgSFXUjFN24rGAf0IQymUzaoTOTMDORlhA3/oobF4q49S/c+TdOHwttPXDhcM693HtPkDCqtON8W4WFxaXlleJqaW19Y3PL3t5pqDiVmNRxzGLZCpAijApS11Qz0kokQTxgpBn0b0Z+84FIRWNxr4cJ8TnqChpRjLSROvaeF4axzgY5vILHXiQRzvp5xvNBxy47FWcMOE/cKSmDKWod+8sLY5xyIjRmSKm26yTaz5DUFDOSl7xUkQThPuqStqECcaL8bPxBDg+NEsIolqaEhmP190SGuFJDHphOjnRPzXoj8T+vnero0s+oSFJNBJ4silIGdQxHccCQSoI1GxqCsKTmVoh7yMSgTWglE4I7+/I8aZxU3PPK6d1ZuXo9jaMI9sEBOAIuuABVcAtqoA4weATP4BW8WU/Wi/VufUxaC9Z0Zhf8gfX5A5FFlvw=</latexit>

ẍ = � k

m
x

According to Verlet 
<latexit sha1_base64="v9dPYSEzAOTrQ8Kg/Ks2Gd/PXMc=">AAACGHicbVDLTgIxFO3gC/GFunQzkZhADDiDRt2YEN24xEQeCYOkUzrQ0HmkvWMkk/kMN/6KGxca45adf2MZZqHgSXpzes69ae+xA84kGMa3lllaXlldy67nNja3tnfyu3tN6YeC0AbxuS/aNpaUM482gAGn7UBQ7NqctuzRzdRvPVIhme/dwzigXRcPPOYwgkFJvfzJUxGOLcBh6aqqaKmsSjm5J/WhajkCk2gUR2489Xv5glExEuiLxExJAaWo9/ITq++T0KUeEI6l7JhGAN0IC2CE0zhnhZIGmIzwgHYU9bBLZTdKFov1I6X0dccX6nigJ+rviQi7Uo5dW3W6GIZy3puK/3mdEJzLbsS8IATqkdlDTsh18PVpSnqfCUqAjxXBRDD1V50MsUoCVJY5FYI5v/IiaVYr5nnl9O6sULtO48iiA3SIishEF6iGblEdNRBBz+gVvaMP7UV70z61r1lrRktn9tEfaJMfg3+e4A==</latexit>

x(t+ ⌧) = 2x(t)� x(t� ⌧)� ⌧2
k

m
x(t)

<latexit sha1_base64="s6SZd/OguTmG8g2/3vbJ5jsWrm0=">AAACDHicbVDJSgNBEO2JW4xb1KOXxiDES5hRUS9C1IvHCGaBJIaeTiVp0rPQXSMJw3yAF3/FiwdFvPoB3vwbO8tBEwsaHu+9qup6biiFRtv+tlILi0vLK+nVzNr6xuZWdnunooNIcSjzQAaq5jINUvhQRoESaqEC5rkSqm7/eqRXH0BpEfh3OAyh6bGuLzqCMzRUK5trIAwwZlpHHtCEDvJ4eHFJ4T4WjcCDLqOYGJddsMdF54EzBTkyrVIr+9VoB9wM9JFLM7ru2CE2Y6ZQcAlJphFpCBnvsy7UDfSZB7oZj49J6IFh2rQTKPN8pGP2d0fMPK2HnmucHsOentVG5H9aPcLOeTMWfhgh+HyyqBNJigEdJUPbQgFHOTSAcSXMXynvMcU4mvwyJgRn9uR5UDkqOKeF49uTXPFqGkea7JF9kicOOSNFckNKpEw4eSTP5JW8WU/Wi/VufUysKWvas0v+lPX5A/uXmvA=</latexit>

assume x(t) = Aei!t

<latexit sha1_base64="hFKtCY+otdO+zqYBYMSIGOfgMi8=">AAACJHicbZDLSsNAFIYnXmu9RV26GSyCm5akigoiiG5cKlhbaGKZTE/q0JkkzEyEEvIwbnwVNy684MKNz+I0zcLbgYGf7z+HM+cPEs6UdpwPa2p6ZnZuvrJQXVxaXlm119avVZxKCi0a81h2AqKAswhammkOnUQCEQGHdjA8G/vtO5CKxdGVHiXgCzKIWMgo0Qb17CO4yZgXCxgQ7GmS5vgYN3EdG1wv+QTXC/um6YWS0GyYZyLv2TWn4RSF/wq3FDVU1kXPfvX6MU0FRJpyolTXdRLtZ0RqRjnkVS9VkBA6JAPoGhkRAcrPiiNzvG1IH4exNC/SuKDfJzIilBqJwHQKom/Vb28M//O6qQ4P/YxFSaohopNFYcqxjvE4MdxnEqjmIyMIlcz8FdNbYlLQJteqCcH9ffJfcd1suPuN3cu92slpGUcFbaIttINcdIBO0Dm6QC1E0T16RM/oxXqwnqw3633SOmWVMxvoR1mfX4JhpCs=</latexit>

ei!⌧ = 2� e�i!⌧ � ⌧2
k

m
<latexit sha1_base64="ujlIp7LqjYZOWBJmT6ANI34SDsg=">AAACEnicbZDLSgMxFIYz9VbrrerSTbAI7cIyU0XdCEU3LivYC3RqyaSZNjSZDElGKMM8gxtfxY0LRdy6cufbmGlnoa0/BD7+cw4n5/dCRpW27W8rt7S8srqWXy9sbG5t7xR391pKRBKTJhZMyI6HFGE0IE1NNSOdUBLEPUba3vg6rbcfiFRUBHd6EpIeR8OA+hQjbax+sVJzsVBlV3AyRK5GUQVewho8hinf11xfIhyPk5gn/WLJrtpTwUVwMiiBTI1+8csdCBxxEmjMkFJdxw51L0ZSU8xIUnAjRUKEx2hIugYDxInqxdOTEnhknAH0hTQv0HDq/p6IEVdqwj3TyZEeqflaav5X60bav+jFNAgjTQI8W+RHDGoB03zggEqCNZsYQFhS81eIR8ikoE2KBROCM3/yIrRqVeesenJ7WqpfZXHkwQE4BGXggHNQBzegAZoAg0fwDF7Bm/VkvVjv1sesNWdlM/vgj6zPHyQdnI4=</latexit>

2 cos(!⌧) = 2� ⌧2
k

m

requires for stable solution

<latexit sha1_base64="OXWAR/obAybvhoCP4UD+Y4ktmeE="></latexit>

period of harmonic oscillator T = 2⇡

r
m

k

<latexit sha1_base64="ppdYiwr7v69rIQ8QAjmwDHNLB4U=">AAACCHicbVA9SwNBEN2LXzF+RS0tXAyCVbhTUYsUQRvLCPmCJIS9zSRZsrd37M6J4Uhp41+xsVDE1p9g579x81Fo4oOBx3szzMzzIykMuu63k1paXlldS69nNja3tneyu3tVE8aaQ4WHMtR1nxmQQkEFBUqoRxpY4Euo+YObsV+7B21EqMo4jKAVsJ4SXcEZWqmdPWwiPGASKqCmz6SksQE6ok1kMS0UaLmdzbl5dwK6SLwZyZEZSu3sV7MT8jgAhVwyYxqeG2ErYRoFlzDKNO2CiPEB60HDUsUCMK1k8siIHlulQ7uhtqWQTtTfEwkLjBkGvu0MGPbNvDcW//MaMXavWolQUYyg+HRRN5YUQzpOhXaEBo5yaAnjWthbKe8zzTja7DI2BG/+5UVSPc17F/mzu/Nc8XoWR5ockCNyQjxySYrklpRIhXDySJ7JK3lznpwX5935mLamnNnMPvkD5/MHR9GY1w==</latexit>

one shall use ⌧ << T

τ2 k
m

≪ 4



Runge-Kutta method

Carl Runge 1856-1927

German mathematician, physicist 

Martin Kutta 1867-1944

German mathematician 

Developed around 1900 by
<latexit sha1_base64="xQp0v59msZJCBZIsU/Or5HeAauk="></latexit>

4-th order Runge-Kutta (RK4) with an error O(⌧5)

Euler method

x(0) = x0

·x = f(x, t)

x(n + 1) = x(n) +
1
6

τ(k1 + 2k2 + 2k3 + k4) + O(τ5)

k1 = f(x(n), n)

k2 = f(x(n) +
τ
2

k1, n +
1
2

)

k3 = f(x(n) +
τ
2

k2, n +
1
2

)

k4 = f(x(n) + τk3, n + 1)

y(t) = x(t)



Taylor expansion in several variables

x(t + τ) = x(t) + τ f (x(t), t) +
τ2

2!
[

∂f
∂t

+
∂f
∂x

dx
dt

] +
τ3

3!
[

∂2f
∂t2

+ 2
∂2f

∂t∂x
dx
dt

+
∂2f
∂x2

(
dx
dt

)2 + (
∂f
∂x

)2 dx
dt

+
∂f
∂t

∂f
∂x

] + O(τ4) + ⋯

·x = f(x(t), t)

x(t + τ) = x(t) + τf(x, t) +
τ2

2
[ ft + fx f ] +

τ3

3!
[ ftt + 2ftx f + fxx f 2 + f 2

x f + fx ft] + O(τ4)

p = 2 x(t + τ) = x(t) + w1k1 + w2k2

= x(t) + w1τf(x, t) + w2τf(x + α21k1, t + α21τ)

f(x, t) + α21τ( ft + fx f ) + O(τ2)

= x(t) + (w1 + w2)τf(x, t) + w2τ2α21[ ft + fx f ] + O(τ3)

w1 + w2 = 1

w2α21 =
1
2

w1 =
1
2

, w2 =
1
2

, α21 = 1

w1 = 0,w2 = 1,α21 =
1
2

w1 =
1
3

, w2 =
2
3

, α21 =
3
4

p (=2) equations 
p+p(p-1)/2 (=3) parameters

p = 3 x(t + τ) = x(t) + w1k1 + w2k2 + w3k3
k1 = τf(x, t)

k2 = τf(x + α21k1, t + α21τ)

k3 = τf(x + α31k1 + α32k2, t + α31τ + α32τ)

x(t + τ) = x(t) + τ ·x(t) +
τ2

2
··x(t) +

τ3

3!
···x (t) + O(τ4)



this morning 



https://en.wikipedia.org/wiki/Runge%E2%80%93Kutta_methods 

 

Chap.17.1. 

Our bible 

https://en.wikipedia.org/wiki/Runge%E2%80%93Kutta_methods
https://en.wikipedia.org/wiki/Runge%E2%80%93Kutta_methods
http://numerical.recipes/book/book.html
http://numerical.recipes/book/book.html


Runge-Kutta method on harmonic oscillator

<latexit sha1_base64="GOKme3U8q8ZiHrqacGTy1cb2XnQ=">AAACFXicbZDLSgMxFIYzXmu9VV26CRahZaTMtKW6EYpuXFawF2iHIZNm2jCZzJBkxDL0Jdz4Km5cKOJWcOfbmF4W2nog4eP/zyE5vxczKpVlfRsrq2vrG5uZrez2zu7efu7gsCWjRGDSxBGLRMdDkjDKSVNRxUgnFgSFHiNtL7ie+O17IiSN+J0axcQJ0YBTn2KktOTmzh4K3LSL8BJqKJo9XyCc2uO0Ni4Erm2WA7c8uSpm4FaLbi5vlaxpwWWw55AH82q4ua9eP8JJSLjCDEnZta1YOSkSimJGxtleIkmMcIAGpKuRo5BIJ51uNYanWulDPxL6cAWn6u+JFIVSjkJPd4ZIDeWiNxH/87qJ8i+clPI4UYTj2UN+wqCK4CQi2KeCYMVGGhAWVP8V4iHSwSgdZFaHYC+uvAytcsmulSq31Xz9ah5HBhyDE1AANjgHdXADGqAJMHgEz+AVvBlPxovxbnzMWleM+cwR+FPG5w+PbZtU</latexit>

x(n+ 1) = x(n) +
1

6
(k1 + 2k2 + 2k3 + k4)

<latexit sha1_base64="9Rt4XFyt1KxRa9Iqk6QvzhXJqko=">AAACFXicbZDLSgMxFIYzXmu9jbp0EyxCS6XMtKW6EYpuXFawF2iHIZNm2tBMZkgyhTLMS7jxVdy4UMSt4M63Mb0stPVAwsf/n0Nyfi9iVCrL+jbW1jc2t7YzO9ndvf2DQ/PouCXDWGDSxCELRcdDkjDKSVNRxUgnEgQFHiNtb3Q79dtjIiQN+YOaRMQJ0IBTn2KktOSaF+M8L9oFeA01FIo9XyCc2GlSS/PMtYtl5panV6XI3GrBNXNWyZoVXAV7ATmwqIZrfvX6IY4DwhVmSMqubUXKSZBQFDOSZnuxJBHCIzQgXY0cBUQ6yWyrFJ5rpQ/9UOjDFZypvycSFEg5CTzdGSA1lMveVPzP68bKv3ISyqNYEY7nD/kxgyqE04hgnwqCFZtoQFhQ/VeIh0gHo3SQWR2CvbzyKrTKJbtWqtxXc/WbRRwZcArOQB7Y4BLUwR1ogCbA4BE8g1fwZjwZL8a78TFvXTMWMyfgTxmfP476m1Q=</latexit>

v(n+ 1) = v(n) +
1

6
(l1 + 2l2 + 2l3 + l4)

τ = 0.03

·x = v(x, v, t)

·v = a(x, v, t)

k1 = τv(x(n), v(n), n) → τv(n)

l1 = τa(x(n), v(n), n) → τa(x(n))

k2 = τv(x(n) +
1
2

k1, v(n) +
1
2

l1, n +
1
2

) → τ(v(n) +
1
2

l1)

l2 = τa(x(n) +
1
2

k1, v(n) +
1
2

l1, n +
1
2

) → τa(x(n) +
1
2

k1)

k3 = τv(x(n) +
1
2

k2, v(n) +
1
2

l2, n +
1
2

) → τ(v(n) +
1
2

l2)

l3 = τa(x(n) +
1
2

k2, v(n) +
1
2

l2, n +
1
2

) → τa(x(n) +
1
2

k2)

k4 = τv(x(n) + k3, v(n) + l3, n + 1) → τ(v(n) + l3)

l4 = τa(x(n) + k3, v(n) + l3, n + 1) → τa(x(n) + k3)



e =
c
a

= 1 − (
b
a

)2

Foci are (±c,0) c = a2 − b2

Eccentricity


