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 Twenty Thousand Leagues Under the Seas, Jules Verne

 Xu Zhang et al., Fermion sign bounds theory in quantum Monte Carlo simulation, PRB 106, 035121 (2022)

 Xu Zhang et al., Polynomial sign problem and topological Mott insulator in twisted bilayer graphene, PRB 107, L241105 (2023)
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⟨±1⟩ ∼ e−N Sign problem and Sign bound
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Superlattices are widely used as electric and optical devices 

In semiconductor industry In semiconductor quantum dots / wires technologies 

Wikipedia 

Garcia de Arquer et al., Science (2021)• Periodic in growth direction (mainly 1D) 
• Based on free electron band structure 

• Quantum moiré materials are new superlattices in 2D 
• Based on many-body effects with novel properties (such as superconductivity)



Quantum moiré materials are superlattice of 2D materials (e.g. graphene)

Moiré: stack, twist & new physics emerges 
crystal from crystals  

ideal playground & challenge for quantum many-body physics

20∘  rotation



Flat band (fragile) topology + long-range Coulomb interaction

Quantum moiré materials exhibit many-body phenomena   

Rich and difficult 
physics requires joint 
efforts

Ning Wang, Nanoscale Horiz. 2020 Shen, …, Meng, et al. Nature Physics 2019

TMDC: WSe2 TDBG

Trambly, et al. Nano Letter 2010 
Bistritzer & MacDonald, PNAS 2011

Cao, et al. Nature 2018 
Cao, et al. Nature 2018
Lu, et al. Nature 2019 
…

Multiple parameters (angle, filling, temperature, field)           novel phase diagrams
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1. Real-space models and QMC / TRG phase diagram

2.  Momentum-space QMC for long-range Coulomb and quantum metric

Content 

 PRL 123, 157601 (2019) [ valence bond solid ]

 PRX 11, 011014 (2021)  [ intervalley coherent insulator ]

 Nat. Commun. 12, 5480 (2021) [ quantum anomalous Hall ]

 PRL 128, 157201 (2022) [ exciton proliferation ]

 ……

 CPL 38, 077305 (2021) [ momentum-space QMC ]

 PRB 105, L121110 (2022) [ valley waves ]

 PRB 106, 184517 (2022) Editors’ Suggestion [ superconductivity ]

 PRL 130, 016401 (2023)  [ Thermodynamic responses ]   

 PRB 107, L241105 (2023) [ Polynomial sign and Topo. Mott ] 

 PRL 131, 066301 (2023) Editors’ Suggestion [ non-linear Hall ]

……



TBG — Setting
 Andrei, E.Y., MacDonald, A.H. Nat Mater 19, 1265 (2020)

L ≈ a0 /(2 sin(θ/2)) kθ ≈ 2K sin(θ/2) ΔE = ℏvFkθ

interlayer tunnelling produces avoided crossings

θ > 10∘ ΔE > 1 eV isolated graphene

θ ∼ 1∘ layers hybridization  
strong tunnelings couple Dirac cones


flat bands and strong correlation 

 Lu, Stepanov, …, MacDonald, Efetov, Nature 574, 653 (2019)

 Stepanov, …, Bernevig, Efetov, PRL 127, 197701 (2021)  Po, … , Vishwanath, PRB 99, 195455 (2019)



TBG — Setting, Questions

k1, k2, q ∈ mBZ

G = n1G1 + n2G2

form factors from Bloch WF

Gate-screened Coulomb potential

 Stepanov … Efetov, PRL 127, 197701 (2021) Serlin… Young, Science 367, 900 (2020)

H0
Hint

λm1,m2,τ(k, k + q + G) ≡ ⟨uk,m1
|uk+q+G,m2

⟩



H = H0 + Hint

τ = ± valley

vF Dirac velocity

Kτ
1,2 Dirac points

στ = (τσx, σy) A/B sublattice

G1 = (−
2π

3LM

, −
2π
LM

)

G2 = (
4π

3LM

,0)

LM ≈ a0 /(2 sin(θ/2)) ∼ 10 nm

ℏvF /a0 = 2377.45 meV
U0 = (u0 u1

u1 u0)
u1 = 110 meV

u0 = 0 chiral limit

u0 ∼ 60 meV, realistic cases

θ = 1.08∘ 1st magic angleIntra-sublattice, interlayer hopping

Inter-sublattice, interlayer hopping

H0 = ∑
m=±1

∑
k,τ,s

ϵm,τ(k) d †
k,m,τ,s dk,m,τ,sU1, U2Similar for matrices 

BM Hamiltonian
 Trambly de Laissardiere et al., Nano Lett. 2010

 Bistritzer & MacDonald, PNAS 2011

 CPL 38, 077305 (2021) Express Letter

 Fermionic Monte Carlo Study of a Realistic Model of Twisted Bilayer Graphene,  
Johannes S. Hofmann, et al., PRX 12, 011061 (2022)



H0 = ∑
m=±1

∑
k,τ,s

ϵm,τ(k) d †
k,m,τ,s dk,m,τ,s

U0 = (u0 u1
u1 u0)

Intra-sublattice, interlayer hopping

Inter-sublattice, interlayer hopping

U1, U2Similar for matrices 

 Evolution from quantum anomalous Hall insulator to heavy-fermion semimetal in twisted bilayer graphene 
    Cheng Huang, Xu Zhang, Gaopei Pan, Heqiu Li, Kai Sun, Xi Dai, Zi Yang Meng,  
    arXiv: 2304.14064



δρq+G = ∑
k∈mBZ,m1,m2,τ,s

λm1,m2,τ(k, k + q + G) (d †
k,m1,τ,s dk+q,m2,τ,s −

ν + 4
8

δq,0 δm1,m2
)

d
2

= 20 nm

Single gate

ε = 7ε0Ω = Nk
3

2
L2

M
Nk = 6 × 6, 9 × 9, 12 × 12

H = H0 + Hint
 CPL 38, 077305 (2021) Express Letter

λm1,m2,τ(k, k + q + G) ≡ ⟨uk,m1
|uk+q+G,m2

⟩ overlap of       eigenstateH0

Hint =
1

2Ω ∑
G

∑
q∈mBZ

V(q + G)δρq+Gδρ−q−G

= ∑
G,q∈mBZ

V(q + G)
2

[(δρ−q−G + δρq+G)2 − (δρ−q−G − δρq+G)2]

 Fermionic Monte Carlo Study of a Realistic Model of Twisted Bilayer Graphene,  
Johannes S. Hofmann, et al., PRX 12, 011061 (2022)

V(q) =
e2

4πε ∫ d2r(
1
r

−
1

r2 + d2
) eiq⋅r =

e2

2ε
1
q

(1 − e−qd)
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Tr{
Y

t

B({l|q|,t})} =
X

{l|q|,t}

D⌧ ({l|q|,t})D�⌧ ({l|q|,t}) =
X

{l|q|,t}

D⌧ ({l|q|,t})D⇤
⌧ ({l|q|,t}) No sign-problem

 CPL 38, 077305 (2021) Express Letter

 Fermionic Monte Carlo Study of a Realistic Model of Twisted Bilayer Graphene,  
Johannes S. Hofmann, et al., PRX 12, 011061 (2022)

decoupled Hamiltonian is traceless anti-Hermitian matrix 

= ∑
k,m,n

− λm,n,τ(k, k + q + G)(c̃†
k+q,n,−τck,m,−τ −

1
2

δq,0δm,n)

= ∑
k,m,n

− λ*n,m,τ(k, k − q − G)(c̃†
k,n,−τck−q,m,−τ −

1
2

δq,0δm,n)



 PRB 105, L121110 (2022)

T = 0.667 meV

for valley polarized state

for intervalley coherent state

single-particle excitations

Bosonic collective excitations

 CPL 38, 077305 (2021) Express Letter



H = Up ∑ ( Q + αT )2



 Xu Zhang et al., Fermion sign bounds theory in quantum Monte Carlo simulation, PRB 106, 035121 (2022）

 Xu Zhang et al., Polynomial sign problem and topological Mott insulator in twisted bilayer graphene, PRB 107, L241105 (2023)

Xu Zhang

⟨sign⟩ ≥
⟨W⟩

⟨ |W |⟩
=

ZW

Z|W|
=

gW

g|W|
e−β(⟨E⟩W−⟨E⟩|W|)

⟨sign⟩ ≥
⟨W⟩

⟨ |W |2 ⟩
=

ZW

Z|W|2

=
gW

g|W|2
e−β(⟨E⟩W−⟨E⟩|W|2/2)

⟨sign⟩ =
∑l Wl

∑l |Re(Wl) |
=

⟨W⟩
⟨ |Re(W ) |⟩ ⟨ |Re(W ) |⟩ ≤ ⟨ |W |⟩ ≤ ⟨ |W |2 ⟩

Correlated flat-bands have sign bound 

Detective Dr. Dragon on the Monte Carlo Sign Problem

⟨sign⟩ ∼ e−βN



 Xu Zhang et al., Fermion sign bounds theory in quantum Monte Carlo simulation, PRB 106, 035121 (2022）

momentum space model 

⟨sign⟩ ≥ ⟨signbound⟩ =
⟨W⟩

⟨ |W |2 ⟩
∼

1

N

momentum space model real space model 

ν = 0 charge neutrality point, reference 

ν = ± 2 target 

 reference, two valley, charge neutrality point

target, one valley 

⟨sign⟩ =
⟨W⟩

⟨ |Re(W ) |⟩

⟨sign⟩ ≥ ⟨signbound⟩ ∼
1
N ⟨sign⟩ ≥ ⟨signbound⟩ =

⟨W⟩
⟨ |W |⟩

∼
1
N



 Xu Zhang et al., Fermion sign bounds theory in quantum Monte Carlo simulation, PRB 106, 035121 (2022）

momentum space model 

⟨sign⟩ ≥ ⟨signbound⟩ =
⟨W⟩

⟨ |W |2 ⟩
∼

1

N

momentum space model real space model 

⟨sign⟩ =
⟨W⟩

⟨ |Re(W ) |⟩

⟨sign⟩ ≥ ⟨signbound⟩ ∼
1
N

⟨sign⟩ ≥ ⟨signbound⟩ =
⟨W⟩

⟨ |W |⟩
∼

1
N



TBG — Setting, Question 1

k1, k2, q ∈ mBZ

G = n1G1 + n2G2

form factors from Bloch WF

Gate-screened Coulomb potential

 Stepanov … Efetov, PRL 127, 197701 (2021) Serlin… Young, Science 367, 900 (2020)

H0
Hint

λm1,m2,τ(k, k + q + G) ≡ ⟨uk,m1
|uk+q+G,m2

⟩



 PRL 130, 016401 (2023) momentum-space QMC

Single valley and single spin

κ =
∂n
∂μ

=
⟨N2⟩ − ⟨N⟩2

TN
measured via


quantum capacitance
measured via


STM

Tc = 3.65(5) meV



momentum-space QMC & exact diagonalization
S =

1
N2

⟨(N+ − N−)2⟩

C = ∑ F□ = 1

Tc = 3.65(5) meV

L = 6, T = 1.25 meV

L = 5

 PRL 130, 016401 (2023) 

Gapped excitons restore time-reversal 



TBG — Setting, Question 2

k1, k2, q ∈ mBZ

G = n1G1 + n2G2

form factors from Bloch WF

Single-gate-screened Coulomb potential

 Yi Zhang … Fuchun Zhang, PRB 102, 035136 (2020)

 Stepanov … Efetov, PRL 127, 197701 (2021) Serlin… Young, Science 367, 900 (2020)

H0
Hint

λm1,m2,τ(k, k + q + G) ≡ ⟨uk,m1
|uk+q+G,m2

⟩



 Phys. Rev. B 107, L241105 (2023)

⟨sign⟩ ≥
gν=1

gν=0
=

(N + 3)2(N + 2)3(N + 1)2

(3!)2

(N + 3)2(N + 2)4(N + 1)2

(3!)2(2!)2

∼
N7

N8
= N−1

gν=1 = 2gC+=3,C−=0 + 2gC+=2,C−=1 =
(N + 3)(N + 2)(N + 1)

3
+

(N + 3)2(N + 2)3(N + 1)2

(3!)2

gν=0 = 2gC+=4,C−=0 + 2gC+=3,C−=1 + gC+=2,C−=2 = 2 +
(N + 3)2(N + 2)2(N + 1)2

(3!)2
+

(N + 3)2(N + 2)4(N + 1)2

(3!)2(2!)2



ν = 1 ν = 1

ν = 2

Tc = 1.8 meV

Gapped excitons

Gapless excitons,

Spin-valley continuous symmetry 


Orbital ferromagnetism

Gapped single-particle excitations

 Phys. Rev. B 107, L241105 (2023)
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Detective Mr. Dragon 
on the Monte Carlo 

Sign Problem


Xu Zhang

Caption Nemo and submarine Nautilus

 Twenty Thousand Leagues Under the Seas, Jules Verne


 Xu Zhang et al., Fermion sign bounds theory in quantum Monte Carlo simulation, PRB 106, 035121 (2022）

 Xu Zhang et al., Polynomial sign problem and topological Mott insulator in twisted bilayer graphene, PRB 107, L241105  (2023)

Xu Zhang

⟨±1⟩ ∼ e−N Sign problem and Sign bound


