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Conformal anomaly number (central charge)

Euler characteristic 

F = fb |A | + fsL −
1
6

cχ ln L + O(1)

Length of circumference 

Number of holes

Volume

χ = 1

Projective plane / disctorus / cylinder / annuls sphere / polyhedron

χ = 2χ = 2 − 2g = 0

Eigenvalues of Dirichlet problem for Laplacian

Platonic solids: homeomorphic to sphere

χ = V − E + F = 2

Klein bottle / moebius

χ = 0

non-local measurement



S = 2fs L −
1
6

c (χA + χB − χA∪B) ln(L) + O(1)

 Phys. Rev. Lett. 97, 050404 (2006)

central charge

Geometric properties of the partition

S = FA + FB − FA∪B Sln = 0 Sln = −
1
4

c ln(L) Sln = −
1
9

c ln(L)

SA(l) = al − s ln l − b

d=1 CFT Heisenberg chain, Luttinger liquid DMRG

d=2 QCP Wilson-Fisher O(N), SC-Mott, GNY QMC

SSB Antiferromagnet, SC, Superfluid QMC

Topological order Z2 top ord, Kitaev QSL Toy model, QMC

Fermi surface free fermion,  interaction ? not even QMC

S ∼ c ln(l)

S ∼ al − s(c)ln(l) − b

S ∼ al − s(nG)ln(l)

S ∼ al − γtop

S ∼ l ln(l) + al − ⋯

ΔF =
cγ

24π
(1 − (

π
γ

)2)ln L



Entanglement entropy with incremental (Qiu Ku) method 
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−ln |⟨XM⟩ | = al − s ln l − b



What is Qiu Ku (秋裤) 
How can you tell winter is coming? 

 In Chinese: I need to put my Qiu Ku on.


long underwear, looks similar to leggings and Yoga pants 

normally made of cotton 

most popular colors are grey, blue, white and beige 

nothing to do with fashion or style 

the only reason for its existence is to keep you warm. When 
jeans can no longer resist the freezing air, just wear Qiu Ku 
under your jeans. Problem solved!


long johns

A pair of (stretchy) pants



A Mother Hubbard dress is a long, wide, loose-fitting 
gown with long sleeves and a high neck. It is intended 
to cover as much skin as possible.

In Victorian time



J. Stat. Mech. (2004) P06002

ρ = |Ψ⟩⟨Ψ |

ρA = TrB ρ

SA = − TrA ρA ln(ρA)

S(n)
A =

1
1 − n

ln(TrA(ρ(n)
A ))

“ discuss entropy in terms of the Euclidean path integral 
on an n-sheeted Riemann surface. ”

“ Qiu Ku is the           ”Z(2)
A

“ Renyi EE is the difference in free energy 
between partition functions 


with different trace topologies ” (in equilibrium)

S(2)
A = − ln(TrA(ρ(2)

A )) = − ln(
Z(2)

A

Z2
∅

) = β(F(Z(2)
A ) − F(Z(2)

∅ ))



Incremental (Qiu Ku) method 

  Vincenzo Alba, PRE 95, 062132 (2017)

 Jonathan D’Emidio, PRL 124, 110602 (2020) 

W (2)
A = −

1
β ∫

tf

ti

dt
dλ
dt

⟨
NB

λ(t)
−

NA − NB

1 − λ(t)
⟩λ(t)

λ(ti) = 0

λ(tf ) = 1

S(2)
A = − ln(

Z(2)
A

Z(2)
∅

) = − ∫
1

0
dλ

∂ ln Z(n)
A (λ)

∂λ
= = − ln( ⟨e−βW (2)

A ⟩ )Z(2)
A (λ) = ∑

B⊆A

λNB(1 − λ)NA−NBZ(2)
B

Z(2)(λ = 0) = Z(2)
∅ Z(2)

A (λ = 1) = Z(2)
A ∂ ln Z(2)

A (λ)
∂λ

= ⟨
NB

λ
−

NA − NB

1 − λ
⟩λ

Phys. Rev. Lett. 78, 2690 (1997)

exp(−βΔF ) ≡ ⟨exp(−βW )⟩ = ⟨exp[−β∫
tf

ti

dtδW(t)]⟩ =
Zf

Zi
S = βΔF = − ln(

Zf

Zi
) = − ln(⟨e−βW⟩)⟨W⟩ ≥ ΔF = FB − FA



Incremental (Qiu Ku) method 
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= − ln( ⟨e−βW (2)
A ⟩ ) = − ∑

k=1,2,⋯,Nλ

ln( ⟨e−βW (2)
k, A⟩ )

W (2)
k, A = −

1
β ∫

tf

ti

dt
dλ
dt

⟨
NB

λ(t)
−

NA − NB

1 − λ(t)
⟩λ(t)

λ(ti) = (k − 1)Δ

λ(tf ) = kΔ

S(2)
A = − ln(

Z(2)
A

Z(2)
∅

) = − ∫
1

0
dλ

∂ ln Z(n)
A (λ)

∂λ
= − ∑

k=1,2,⋯,Nλ
∫

kΔ

(k−1)Δ
dλ

∂ ln Z(2)
A (λ)

∂λ

Parallization does the job.

The Qiu Ku algorithm is 

nostalgic, sentimental and useful

e−S(2)
A =

Z(1)
Z(0)

:=
Z(λ1)
Z(0)

Z(λ2)
Z(λ1)

⋯
Z(λk)

Z(λk−1)
⋯

Z(1)
Z(λNλ−1)

Z(2)
A (λ) = ∑

B⊆A

λNB(1 − λ)NA−NBZ(2)
B

Z(2)(λ = 0) = Z(2)
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A (λ)
∂λ

= ⟨
NB

λ
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Entanglement entropy with Qiu Ku method

Square lattice Heisenberg model

S(2)
A (L) = 0.092(1)L + 1.00(9)ln(L) − 1.63(3)

NG (# Goldstone modes ) / 2

Symmetry breaking phase

H = J∑
⟨i, j⟩

Si ⋅ Sj

Metlitski & Grover, arXiv:1112.5166

 Jiarui Zhao, Yan-Cheng Wang, Zheng Yan, Meng Cheng, ZYM, PRL 128, 010601 (2022)

 Jiarui Zhao, Bin-Bin Chen, Yan-Cheng Wang, Zheng Yan, Meng Cheng, ZYM, npj Quantum Materials 7, 69 (2022)

A A

L ∈ [40, 160]



Entanglement entropy with Qiu Ku method

Quantum critical points

Columnar dimer model H = J1 ∑
⟨i, j⟩

Si ⋅ Sj + J2 ∑
⟨i, j⟩′￼

Si ⋅ Sj

(J2/J1)c = 1.90951(1)

S(2)
A (L) = 0.167(2)L − 0.081(4)ln(L) − 0.124(7)

 A. Kallin, et. al, J. Stat. Mech. 2014, P06009

 J. Helmes, S. Wessel, Phys. Rev. B 89, 245120 (2014)

 J. Helmes, W. W-Krempa, R. Melko, Phys. Rev. B 94 125142 (2016)

s > 0, consistent with previous works on O(n) models

s = 0.077(4)

 Jiarui Zhao, Yan-Cheng Wang, Zheng Yan, Meng Cheng, ZYM, PRL 128, 010601 (2022)

 Jiarui Zhao, Bin-Bin Chen, Yan-Cheng Wang, Zheng Yan, Meng Cheng, ZYM, npj Quantum Materials 7, 69 (2022)



Entanglement entropy with Qiu Ku method

Topological order 

S(l) = al − γ

Topological entanglement entropy (TEE)

γ = ln(𝒟) = ln( ∑
a∈𝒞

d2
a )

Kagome lattice frustrated spin model

Spinon and vison

Conductivity fractionalisation

Translational symmetry fractionalisation

…… 


 S. Isakov, Y.B. Kim, A. Paramekanti, PRL 97, 207204 (2006)

Y.-C. Wang, et al., PRL 121, 057202 (2018)

G.-Y. Sun, et al., PRL 121, 077201 (2018) 

J. Becker, S. Wessel, PRL 121, 077202 (2018)

……

 Yan-Cheng Wang, Meng Cheng, William Witczak-Krempa, ZYM, Nat Commun 12, 5347 (2021) 



Entanglement entropy with Qiu Ku method

Topological order 

 Jiarui Zhao, Bin-Bin Chen, Yan-Cheng Wang, Zheng Yan, Meng Cheng, ZYM, npj Quantum Materials 7, 69 (2022)

Kagome lattice frustrated spin model

 S. Isakov, M. Hastings, R. Melko, Nature Phys 7, 772 (2011) 

L = 12,14,16

L = 6,8,10

L = 8

S(l) = al − γ

S(l) = al − γ



Entanglement entropy with Qiu Ku method

DQCP

JQ model H = − J∑
⟨i, j⟩

Pi, j − Q ∑
⟨ijklmn⟩

PijPklPmn

Pij =
1
4

− Si ⋅ Sj

(Q /(J + Q))c = 0.59864(4)Deconfined QCP:

S(2)
A (L) = 0.224(1)L − (−0.49(1))ln(L) − 0.58(2)

not a unitary CFT 

H. Casini, M. Huerta, Journal of High Energy Physics 2012, 87 (2012)

Corner corrections for Renyi EE 
must be positive for unitary CFTs

 Jiarui Zhao, Yan-Cheng Wang, Zheng Yan, Meng Cheng, ZYM, PRL 128, 010601 (2022)

s < 0



S(2)
A (l) = al − s ln l − b

 Jiarui Zhao, Yan-Cheng Wang, Zheng Yan, Meng Cheng, ZYM, PRL 128, 010601 (2022)

Entanglement entropy with Qiu Ku method



DQCP Disorder Operator

 Yan-Cheng Wang, Nvsen Ma, Meng Cheng and ZYM, SciPost Phys. 13, 123 (2022)

−ln |⟨XM(θ)⟩ | = al − s(θ)ln l − bXM(θ) = eiθ∑r nr



DQCP Disorder Operator

s < 0, not a unitary CFT 

H. Casini, M. Huerta, Journal of High Energy Physics 2012, 87 (2012)Corner corrections for Renyi EE 
must be positive for unitary CFTs

s(θ) ≈
CJ

(4π)2
θ2, θ → 0 0.01147 O(3) CFT 

              Bootstrap

 Remember in EE also s < 0, not a unitary CFT 

 Yan-Cheng Wang, Nvsen Ma, Meng Cheng and ZYM, SciPost Phys. 13, 123 (2022)



 PRL 130, 266501 (2023) 

s(θ) = αc/s⏟
ANσCJ /8π2

θ2, θ → 0 CJ = 2 α = 0.066

0.06(1)

−ln |⟨Xc/s(θ)⟩ | = al − s(θ)ln l − b



 arXiv: 2307.02547

S(2)
A = al − s ln(l) − b

H = −
J1

N ∑
⟨ij⟩

Pij −
J2

N ∑
⟨⟨ij⟩⟩

Πij −
Q
N ∑

⟨ij⟩,⟨kl⟩

PijPkl

|α⟩A → Uα,β |β⟩ASU(N) fundamental rep.

SU(N) conjugate rep. |α⟩B → U*α,β |β⟩B

Pij SU(N) singlet projection

Πij |αβ⟩ = |βα⟩ SU(N) permutation with the same rep



 arXiv: 2307.02547

S(2)
A = al − s ln(l) − b



 arXiv: 2307.02547



 arXiv: 2307.02547



 arXiv: 2307.05307 M. Ippoliti, R. Mong, F. Assaad, M. Zaletel, PRB 98, 235108 (2018)

 Z. Wang, M. Zaletel, R. Mong, F. Assaad, PRL 126, 045701 (2021) 

H =
1
2 ∫ dΩ{U0[ψ†(Ω)ψ(Ω) − 2]2 −

5

∑
i=1

ui[ψ†(Ω)Γiψ(Ω)]2}

Γi = {τx ⊗ 𝕀, τy ⊗ 𝕀, τz ⊗ σx, τz ⊗ σy, τz ⊗ σz}

ψ(Ω) =
s

∑
m=−s

Φm(Ω)cm Φm(Ω) ∝ eimϕ coss+m(
θ
2

)sins−m(
θ
2

)

Projected to the LLL with degeneracy N = 2s + 1

ψτσ(Ω)

4πsmagnet monople inside a sphere 

Bin-Bin Chen (Poster) 



 arXiv: 2307.05307U0 = 1, u1 = u2 = uK, u3 = u4 = u5 = uN

⟨Oi⟩ = ∫ dΩψ†(Ω)Γiψ(Ω) =
s

∑
m=−s

c†
mΓicm

m2
Neel =

1
3N2

⟨(O2
3 + O2

4 + O2
5)⟩m2

VBS =
1

2N2
⟨(O2

1 + O2
2)⟩

Bin-Bin Chen (Poster) 



 arXiv: 2307.05307⟨Õij⟩ = ∫ dΩψ†(Ω)Lijψ(Ω) =
s

∑
m=−s

c†
mLijcm

m2
FM =

1
N2

⟨(Õ2
34 + Õ2

35 + Õ2
45)⟩ m2

VP =
1

N2
⟨Õ2

12⟩

Bin-Bin Chen (Poster) 



 arXiv: 2308.07380

ln PM(θ) ∼ s(θ)ln l

ln |XM3 | ∼ al + β(θ)

ln |XM(θ) | ∼ − al + s(θ)ln l + c



 arXiv: 2308.07380

ln |XM3(θ) | ∼ al + β(θ)

ln |XM(θ) | ∼ − al + s(θ)ln l + c

S(2)
M ∼ al − γ

s(θ) ∼ αsθ2
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