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0. Introduction

1. Regression
1.1 Multivariate Linear Regression (curve fitting)
1.2 Regularization (Lagrange multiplier)
1.3 Logistic Regression (Fermi-Dirac distribution)

1.4 Support Vector Machine (high-school geometry)

2. Dimensionality Reduction/feature extraction
2.1 Principal Component Analysis (order parameters)
2.2 Recommender Systems
2.3 Clustering (phase transition)
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3. Neural Networks
3.1 Biological neural networks
3.2 Mathematical representation
3.3 Factoring biological ingredient
3.4 Feed-forward neural networks
3.5 Learning algorithm
3.6 Universal Approximation Theorem



Support Vector Machine
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Support Vector Machine
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Hyperplane with maximal margin (largest separation between classes)

Hyperplane in RA2 is a line Hyperplane in RA3 is a plane



Support Vector Machine
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Optimisation problem with constraints:

D = {(fﬂy’t)‘f’t < any‘& < {_17 1}}21

Linearly separable training set

Geometric margin yi(@W- @ + b)]
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The optimal separating hyperplane is the hyperplane (@, b) whose margin M is the largest



Some high-school Geometry
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Support Vector Machine

How to find the optimal hyperplane for a dataset among all possible hyperplanes

Geometric margin M: distance/2 between two hyperplane

1

o]

Maximize the geometric margin means minimize

1

Constraints: at the same time, prevent data points

from falling into the margin

To find (&, b) such that

subject to

Constrained optimization problem



Support Vector Machine

To find (&, b) such that

max M
(&3,b)

1y (& - Z; + b))
=l -

subject to

1

Is equivalent to the minimisation problem with constraints, remember M = W
W

Lagrange multipliers and duality
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subject to  y;(G -2 +b)>1,i=1,2,---,m Convex quadratic optimisation problem



Lagrange multipliers and duality

minipize
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minimize
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JOSEPH-LOUIS LAGRANGE

action.”

Letter to Leonhard Euler, May 1756

L(z,y,a) = f(r,y) —ag(z,y)

VL(z,y,a) = Vf(z,y) —aVg(z,y) =0
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L= f(Z) — ag(T)

VL(Z, o) = Vf(T) —aVg(F) =0

“I will deduce the complete mechanics of solid

and fluid bodies using the principle of least

1.0

find the local
maxima and minima

Joseph-Louis Lagrange (1736-1813)

“I have almost completed a book on analytical
mechanics founded solely on the principle [of

virtual work]. But since I still have no idea where

and when it can be published, I am not in any

hurry to finish it.”

JOSEPH-LOUIS LAGRANGE
Letter to Pierre Laplace, September 1782
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Lagrange multipliers and duality

minipize

mize (2
subject to ¢(Z) =0

~”~

equality constraint

L= f(Z) — ag(T)

L=T-V
Euler-Lagrange equation

d { OL oL

dt \ 8¢, ] ~ 8q;

As the system evolves, q traces a path
through configuration space (only some
are shown). The path taken by the system
(red) has a stationary action (8S = 0)
under small changes in the configuration
of the system (5q).21
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S = Ldt, §S=0
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action.”

JOSEPH-LOUIS LAGRANGE
Letter to Leonhard Euler, May 1756
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Sketch of the situation with definition of
the coordinates (click to enlarge)

principle of least action.

VL(Z, o) = Vf(T) —aVg(F) =0

“I will deduce the complete mechanics of solid

and fluid bodies using the principle of least

prmlvy(lrml) L —

Joseph-Louis Lagrange (1736-1813)

“I have almost completed a book on analytical

mechanics founded solely on the principle [of

virtual work]. But since I still have no idea where
and when it can be published, I am not in any
hurry to finish it.”

JOSEPH-LOUIS LAGRANGE
Letter to Pierre Laplace, September 1782
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Lagrange multipliers and duality
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Karush-Kuhn-Tucker (KKT) conditions

Stationarity condition: VAL — G — Z i = 0
1=1

oL =
55 = —> iy =0
1=1

Primal feasibility condition: yi(J-2d;+b)—1>0 foralli=1,2,---,m
Dual feasibility condition: a; >0 foralli=1,2,--- ,m
Complementary slackness condition: a;ly(J-Z;+b)—1]=0 foralli=1,2,--- ,m

Support vectors are examples having a positive Lagrange multiplier.
They are the ones the constraint is active.

Once have the multipliers and support vectors
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Support Vector Machine: Hinge Loss
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Support Vector Machine: Hinge Loss
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Support Vector Machine: hard margin and soft margin
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Soft margin to rescue

yi(® -2 +b) >1—(;

slack variables _ o _ _ o
Modify the objective function with regularization
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Lagrange multipliers and duality
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Kernel machine: Dimensionality reduction strike
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Kernel machine: Dimensionality reduction strike

mapping ¢ : X — V

function K : ¥ - R K(Z,7') =

<¢(f)7 (b(f/»v

inner production in V, kernel function
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c=1,d =1 linear kernel

c = 0,d = 2 quadratic kernel




